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1. Introduction

1.1. Representations. Let G be a group. A fruitful approach to studying
the properties of G is via its action on various sets. If X is a set endowed
with a G-action (i.e., a G-set), and k is a field, the set kX of all functionsG-set

from X to k forms a k-algebra with pointwise addition and multiplication,
and the action of G on X induces a G-action (by algebra automorphisms)
on kX , given by g(f)(x) = f(g−1x) (for f ∈ kX and x ∈ X).

Every element x of X determines a k-algebra map ex : kX −→ k, the
evaluation (projection) at x, and when X is finite, x 7→ ex is a bijection
from X to the set of k-algebra maps from kX to k. More generally, maps
T : Y −→ X between finite sets correspond bijectively to k-algebra maps
kX −→ xY , so the properties of the action of G on X are completely reflected
in its action on kX and vice versa (for example, invariant subsets of X
correspond to invariant ideals in kX).

Thus, the transition from G-sets to algebras is not very useful: it is simply
a change of language. The situation is different if we forget some of the
structure, and regard kX as a k-vector space. We thus obtain an example
of a representation of G: a k-vector space endowed with a linear G-action.representation

It seems that by doing so we lost information, but we gained in flexibility of
the relations between object. For example, if X = G with the regular action
of G on itself, X clearly has no interesting invariant subsets, and therefore
kX has no interesting invariant ideals, but we will see that it usually has
interesting invariant subspaces.

One benefit of passing to linear representations is that the set of endo-
morphisms of a linear space V is itself a linear space. Thus, if G acts on V
and g, h ∈ G, there is a natural way to associate an endomorphism of V to
the formal sum g + h. Likewise, if a ∈ k, we obtain an endomorphism ag of
V . Thus, we may associate a linear endomorphism of V to every element of
the vector space k[G] spanned by the elements of G. If we define a product
on k[G] via the group operation on the basis elements, we obtain the group
algebra of G, and V becomes a module over it. Conversely, a module overgroup algebra

k[G] restricts to a representation of G, and maps of modules correspond to
maps of representations. So we translated the study of representations of
G to the study of modules over its group algebra k[G]. Thus, one of our
motivating goals will be to describe the category of modules over the group
algebra k[G].

1.2. Semisimple algebras. To explain the kind of description we are look-
ing for, consider the case of the trivial group. Then, we are interested in the
category of (finite dimensional) vector spaces. If V is such a space, and U
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is a subspace, there is another subspace W ⊆ V such that W ⊕U ∼−→ V (we
say that the category of vector spaces is semi-simple). By repeatedly taking semi-simple

proper subspaces, we may therefore write V as a finite direct sum of vec-
tor spaces that are simple, in the sense that they have no proper subspaces simple

(finite dimension means that the sum is finite). Such a decomposition is
unique, and the summands are all isomorphism to the field.

For finite groups G, Maschke’s Theorem implies that (under suitable as-
sumptions on the field), a similar statement holds for modules over k[G],
except that the simple summands need not be isomorphic. An algebra with
this property is called (Artinian-)semisimple. The structure of modules over
such an algebra is obtained rather immediately from the structure of the al-
gebra itself. Hence our goal is transformed into the task of describing the
structure of semisimple rings.

The description is a classical theorem of Wedderburn, and will provide us
with much information about the representations of G.

1.3. Morita equivalence. Since our motivating question concerns the cat-
egory of modules over a ring, rather than the ring itself, it is natural to ask:
could two essentially different algebras have the same category of modules?
If the answer is positive, we could potentially benefit from switching between
the two rings. To make the question precise, we will need to define precisely
the meaning of the statement that “the categories are the same” or, more
precisely, equivalent. Two such algebras are called Morita equivalent. Morita equivalent

Many properties of an algebra can be defined in terms of its category of
modules. Any such property is thus preserved across Morita equivalence.
For commutative algebras, all properties are like that: Any two Morita
equivalent commutative algebras are isomorphic. However, commutativity
itself is not preserved under Morita equivalence: Our main result here will
be that any ring R is Morita equivalent to the ring Mn(R) of n×n matrices
with entries in R (n > 0).

1.4. Central simple algebras. Wedderburn theory identifies the building
blocks of semisimple k-algebras (k a field) to be matrix algebras Mn(D),
whereD is a division ring (non-commutative field) over k. Hence to complete division ring

the classification, we need to study division algebras over k. However, the
class of division algebras is sometimes inconvenient to work with directly:
For example, the base change of a division algebra to a field extension of
k need no longer be a division algebra. So we replace division algebras by
the larger class of central simple algebras. On this class it is convenient central simple algebras

to define directly certain operations, such as tensor products. Identifying
a division algebra with the (Morita equivalent!) algebra of matrices over
it, one obtains a group called the Brauer group of the field k. This is an Brauer group

invariant of the field, that plays an important role in number theory and
geometry.

1.5. Basic definitions and notations. By a ring we mean an associative ring
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ring with identity. This is mostly for didactic reasons, and to conform
with what seems to be the standard agreement: many of the definitions
and results hold for rings without identity, and we sometimes mention (and
use) it. A ring homomorphism must be unital, i.e., map 1 to 1. If k is aring homomorphism

ring, a k-ring (or a ring over k) is a ring R along with a prescribed ringk-ring
ring over k homomorphism from k to R. A k-algebra (or an algebra over k) is a k-ring
k-algebra
algebra over k

R where the image of k lies in the centre of R (the centre of R is the subring
centre

Z(R) of R consisting of elements that commute with all other elements; in
Z(R) particular, it is commutative, and so is k). We will usually identify elements

of k with their image under this map.
If A is a ring, the opposite ring A◦ is the ring with the same underlyingopposite ring

A◦ additive group as A, but with product reversed. Sometimes we wish to
consider only the multiplicative monoid structure on A, which we denote
by A×. A left inverse of an element x ∈ A is an element y ∈ A satisfyingA×

left inverse yx = 1. Such an element need not be unique, and need not be a right inverse.
However, if x has both a left and a right inverse, then they coincide, and
are unique (exercise!). An element that has a two sided inverse is called
invertible or a unit. The group of all units of A is denoted by A∗.invertible

unit
A∗

A module over a ring A is the analogue of a vector space, i.e., an abelian
module group M , along with an action map a : A ×M −→ M which is additive in

each factor, and which a monoid action, i.e., a(xy,m) = a(x, a(y,m)) and
a(1,m) = m for all x, y ∈ A and m ∈M . More verbosely, this a left module,left module

while a right module is a left module over A◦. As usual, we omit a and writeright module

cm for a(c,m) when possible. A map T :M −→ N of A-modules is a map of
the underlying abelian groups that commutes with A: T (cm) = cT (m) for
all c ∈ A and m ∈M .

If V is a module over a ring k, we denote by Endk(V ) the ring of k-
module maps from V to itself (the ring structure is given by addition of
endomorphisms and composition). Note that this is a k-algebra when k is
commutative.

1.6. References. A large portion of the course is based on the notes [Cla],
and on the book [FD93] (useful, with many exercises, but beware of mis-
takes!). Other general references include the notes [Art], and the books [Row91]
and [Her68] (which uses different terminology). Additional resources on spe-
cific topics are mentioned as they come.

2. Wedderburn–Artin theory

2.1. Representations of finite groups. Let G be a group. One approach
to studying the group G is via its action on various objects. For example,
Cayley’s theorem asserts that any group is isomorphic to a subgroup of a
symmetric group, via its regular action on itself. While it may seem that the
simplest actions to consider are on sets, it is in fact beneficial to linearise
such actions, and consider linear actions on vector-spaces. The definition
actually makes sense more generally for a monoid (which is, by definition, amonoid
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set with an associative operation and a two-sided unit):
Definition 2.1.1. Let G be a monoid. A representation of G over a field k representation

consists of a vector-space V over k, along with a map of monoids r : G −→
Endk(V ), i.e., r(gh) = r(g) ◦ r(h) for all g, h ∈ G, and r(1) is the identity
on V .

A map from a representation (V1, r1) to another representation (V2, r2) of
G (over the same field k) is a linear map T : V1 −→ V2 such that T ◦ r1(g) =
r2(g) ◦ T for all g ∈ G.

As usual with actions, we shall abbreviate r(g)(v) by gv when appropriate.
Thus a representation is a left action on a vector space, where the map
v 7→ gv is linear for all g ∈ G, and a map of representations is a map of
actions which is linear.
Exercise 2.1.2. Let T : U −→ V be a map of representations. Show that
the kernel and the image of T (as a linear map) are invariant under G.
Show that if T is invertible (as a linear map), then the inverse is a map of
representations.

From now on we fix a field k. A G-set (i.e., a set with a G-action)
determines a representation over k as follows:
Example 2.1.3. For a set X, let kX be the vector space of all functions
from X to k. If a : G −→ Sym(X) is a right action of G on X, then kX

becomes a representation of G via r(g)(f)(x) = f(xg) (for g ∈ G, f ∈ kX
and x ∈ X). □
Exercise 2.1.4. (1) Verify that this is so

(2) Show that if u : X −→ Y is a map of (right) G-sets, composition with
u determines a map of representations u∗ : kY −→ kX . Describe its
kernel.

Assume that X is a G-invariant subset of a G-set Y . Applying the ex-
ercise to the inclusion, we obtain a sub-representation of kY (the kernel).
Thus, invariant subsets determine invariant subspaces, but not all invariant
subspaces are of this form:
Example 2.1.5. Assume that G is a non-trivial group, and let X = G be
the G-set with the (right) regular action of G on itself. Then X has no
non-trivial invariant subsets, but the subspace of kX consisting of constant
functions is a 1-dimensional invariant (proper) subspace. □

Thus, the world of representations is, in some sense, richer: we may
decompose the representation associated to a G-set, even if not the G-set
itself.

Assume G is a group. If X is a G-set, and Y ⊆ X is invariant, its
complement Z is invariant as well. The complement of a linear subspace is
never a subspace, but the subspaces corresponding to Y and Z form a direct-
sum decomposition of kX . We have seen above that not every invariant
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subspace of kX is of this form, so it is reasonable to ask: Is every invariant
subspace a direct summand? More generally, given a representation V and
an invariant subspace U , is there an invariant subspaceW such thatW⊕U =
V ? For finite groups, this is described by Maschke’s theorem:

Theorem 2.1.6 (Maschke’s Theorem). Let G be a group of (finite) order
n, and let k be a field of characteristic p. The following are equivalent:

(1) Any invariant subspace of any representation is a direct summand
(2) Any invariant subspace of kG (the regular representation) is a direct

summand
(3) p does not divide n

To give the proof, we first recall, from linear algebra, how to detect a
subspace. If U is a linear subspace of a vector space V , direct sum decom-
position for vector spaces implies that there is a linear map T : V −→ V
whose image is U , and such that T 2 = T (i.e., T is the identity when re-
stricted to its image). Such a map is said to be an idempotent. Conversely,idempotent

an idempotent T determines a direct sum decomposition consisting of the
kernel and the image. By Exercise 2.1.2, this will be a direct sum of repre-
sentations if T is a map of representations (i.e., commutes with the action
of G).

Proof of Theorem 2.1.6.
(2) =⇒ (3): Assume that p divides n, and let U be the subspace of constant

functions in kG. We identify an element of U with its constant value
in k, and thus U with k. A complement to U thus corresponds to a
map T : kG −→ k which is invariant under the action of G and the
identity on U . In particular, for all v ∈ kG, we have T (

∑
g∈G gv) =

|G|T (v) = 0 in k. Taking v to be the characteristic function of the
identity in G, we have

∑
g∈G gv = 1, contradicting the assumption

that T (1) = 1.
(3) =⇒ (1): Let U be an invariant subspace of V , and let T0 be an idem-

potent with image U . Define T : V −→ V via

T (v) =
1

n

∑
g∈G

g−1T0(gv)

Then for all v ∈ V and h ∈ G we have

T (hv) =
1

n

∑
g∈G

g−1T0(ghv) =
1

n

∑
g′∈G

hg′−1T0(g
′v) = hT (v)

where we substitute g′ = gh. Also, for v ∈ U we have gv ∈ U and
thus

T (v) =
1

n

∑
g∈G

g−1T0(gv) =
1

n

∑
g∈G

g−1gv = v
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So we found an idempotent that commutes with the action of G, and
whose image is U .

(1) =⇒ (2): is trivial. □

2.1.7. The group algebra. One advantage of working with vector spaces (as
opposed to sets) is that the set Homk(U, V ) of linear maps between two
spaces is again a vector space. Hence, if a representation assigns linear
endomorphisms of V to elements g, h ∈ G, we have a natural linear endo-
morphism to assign to a formal linear combination ag + bh. This leads to
the following definition:

Definition 2.1.8. Let G be a monoid, and let k be a field. The group
algebra1 k[G] of G over k is the k-algebra whose underlying vector-space group algebra

k[G]is the k-space spanned by the elements of G, and whose multiplication is
extended by linearity from the product on G.

The inclusion of G in k[G]× is a map of monoids into the multiplicative
monoid of k[G], which is universal in the following sense:

Exercise 2.1.9. (1) Let A be a k-algebra. Show that restriction deter-
mines a bijection between k-algebra maps from k[G] to A and monoid
maps from G to A×.

(2) Conclude that the data of a representation on the vector-space V
is equivalent that of a (left) k[G] module structure on it (consider
A = Endk(V ) in the previous part).

End of lecture 1,
Mar 132.2. Categories and functors. Much of the structure of a mathematical

object is captured by the maps to or from that object that respect its struc-
ture. For example, the last exercise implies (with a bit more work, see below)
that the group algebra of G can be characterised as the unique algebra H
such that algebra maps from H correspond to monoid maps from G. Thus,
one may hope to recover said structure from the knowledge of the maps that
respect it. The most direct formal incarnation of this principle is encoded
in the notion of a category:

Definition 2.2.1. A category C consists of the following data: category

(1) A collection of objects ObC objects

(2) For any two objects X,Y ∈ ObC a set MorC(X,Y ) of morphisms morphisms

from X to Y .
(3) For any three objects X,Y, Z a composition map composition map

◦ : Mor(Y, Z)×Mor(X,Y ) −→Mor(X,Z), 〈f, g〉 7→ f ◦ g
such that f ◦ (g ◦ h) = (f ◦ g) ◦ h and for every object X the set Mor(X,X)
includes an element 1X with 1X ◦ f = f and g ◦ 1X = g, whenever the
compositions make sense.

1Of course, the term “monoid algebra” would be more precise, but we will usually use
the construction for groups, and “group algebra” is more standard.
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We often write f : X −→ Y in place of f ∈MorC(X,Y ).
Example 2.2.2. The category Set whose objects are all sets, and whose mor-
phisms are usual maps between sets (with the usual composition). We could
instead consider only injective (or only surjective) maps, or all relations
(with composition of relations). □
Example 2.2.3. If R is a ring, the category R −Mod of R-modules, with
R-module maps between them. We will spend much time studying this
example. Likewise, we have the categories Gp of groups, Alg of rings, T op
of topological spaces, etc. All with their usual morphisms. □
Example 2.2.4. The category Set∗ of pointed sets has objects of the formpointed sets

(X,x), where X is a set and x ∈ X. A morphism from (X,x) to (Y, y) is a
map of sets f : X −→ Y such that f(x) = y. The category T op∗ of pointed
topological spaces is defined similarly. □
Example 2.2.5. Let X be a topological space. We may associate to X a
category π1(X) as follows: the objects are the points of X, morphisms from
x ∈ X to y ∈ X are homotopy classes of paths from x to y, and composition
is (induced by) concatenation of paths. Thus, the endomorphisms of each
object x is the fundamental group based at x. □
Example 2.2.6. If C is a category, the opposite category C◦ is the categoryopposite category

C◦ with the same objects as C, but with morphisms inverted: MorC◦(X,Y ) =
MorC(Y,X) (and composition with switched arguments). It follows that
every notion in category theory has a dual notion, which is the original
notion applied to the opposite category. □
Example 2.2.7. If X is an object of C, composition gives Mor(X,X) the
structure of a monoid. This process identifies monoids with categories with
one object. The opposite category corresponds, in this case, to the opposite
monoid. □
Example 2.2.8. On the other extreme, if R is a binary relation on a set
A, we may try to construct a category whose objects are the elements of
A, and with Mor(a, b) consisting of one element if 〈a, b〉 ∈ R, and empty
otherwise. This construction yields a category precisely if R is a pre-order
(i.e., reflexive and transitive), and conversely, a (small) category where all
Mor sets have size at most 1 determines a pre-order on the set of objects. In
particular, every set can be viewed as a category, where the only morphisms
are identities. □

Some properties of maps can be expressed through composition alone, and
thus make sense for morphisms in any category. For example, a morphism
f : X −→ Y is an isomorphism if it has a two-sided inverse, i.e., a morphismisomorphism

g : Y −→ X with f ◦ g = 1Y and g ◦ f = 1X .
We mentioned above that familiar structures are encoded by morphisms.

We illustrate it with a few simple examples. The empty set can be charac-
terised as an object of Set that has precisely one morphism to each object.
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An object in a category with this property is called an initial object. Thus, initial object

we automatically obtain the analogue of the empty set in each category
(which need not exist):
Exercise 2.2.9. (1) Show that if X and Y are two initial objects then

there is a unique morphism from X to Y , which is an isomorphism.
Thus, the initial object (if exists) is essentially unique.

(2) Compute the initial object in each of the examples above (or show
that it does not exist).

(3) The dual notion to the initial object is the final object. Compute the final object

final object in Set and in the other examples.
As another example, consider two sets X and Y . If we view these sets as

embedded in a bigger set (or “universe”), it makes sense to consider their
union, but if no such embedding is given this is meaningless, since we cannot
determine when an element of X is equal to an element of Y . However, it
does make sense to take their disjoint union. This is a set X

⨿
Y with

the following property: defining a map from X
⨿
Y to some other set Z

is canonically equivalent to defining its restrictions to X and to Y . This is
phrased almost in purely categorical terms, but we have to understand what
restrictions are. For that, note that we are given maps iX : X −→ X

⨿
Y

and iY : Y −→ X
⨿
Y , and the restriction of a function f from X

⨿
Y to X

is nothing but the composition f ◦ iX .
Thus, given any set Z with maps f : X −→ Z and g : Y −→ Z, there

is a unique way to amalgamate them to a map h : X
⨿
Y −→ Z so that

h ◦ iX = f and h ◦ iY = g. This property completely determines the disjoint
union, in a sense made precise below, and since it is given in terms of maps
and their compositions, provides an analogue of the disjoint union in an
arbitrary category:
Definition 2.2.10. A coproduct X

⨿
Y of two objects X,Y in a category C coproduct

X
⨿

Yis an object W , along with morphisms iX : X −→W and iY : Y −→W , which
is universal, i.e., for any object Z and morphisms f : X −→ Z and g : Y −→ Z
there is a unique morphism h :W −→ Z with h ◦ iX = f and h ◦ iY = g.

The dual notion is called a product, denoted X × Y . product
X × YWe will normally say that W is a coproduct of X and Y , even though

the morphisms iX , iY are part of the data. The coproduct and product of
an arbitrary set of objects is defined analogously.
Exercise 2.2.11. (1) Show that if W and W ′ are both coproducts of two

objects X and Y , there is a unique morphism from W to W ′ respect-
ing the coproduct structure, and this morphism is an isomorphism.
Hence, we may speak of the coproduct

(2) Show that if the coproduct of X and Y exists, then so does the
coproduct of Y and X, and they are uniquely isomorphic. Likewise,
(X

⨿
Y )

⨿
Z = X

⨿
(Y

⨿
Z) (i.e., if one side exists so does the

other, and they are uniquely isomorphic).
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(3) Compute the products and coproducts in the categories above (some
of these are difficult!)

Exercise 2.2.12. If X,Y are objects of a category C, let CX,Y be the category
whose objects are triples 〈Z, f, g〉 where Z is an object of C, and f : X −→ Z,
g : Y −→ Z are morphisms in C. A morphism from 〈Z1, f1, g1〉 to 〈Z2, f2, g2〉
is a morphism h : Z1 −→ Z2 in C, such that h ◦ f1 = f2 and h ◦ g1 = g2. Show
that 〈Z, f, g〉 is an initial object of CX,Y if and only if it is a coproduct in C.

The philosophy of category theory entails that whenever we define a class
of objects, we should also define what are the morphisms between them. We
have defined categories, so what are the morphisms between them?
Definition 2.2.13. Let C and D be categories. A functor from C to Dfunctor

consists of a map F : ObC −→ ObD and for any two objects X,Y of C a map
FX,Y : MorC(X,Y ) −→ MorD(F(X),F(Y )) such that F(g ◦ h) = F(g) ◦ F(h)
and F(1X) = 1F(X) for all X and all composable g, h.

A contravariant functor from C to D is a functor from C to D◦contravariant functor

Intuitively, a functor is an assignment of objects of type D to objects of
type C, in a canonical manner.
Example 2.2.14. If Gp is the category of groups (and group homomorphisms),
there is a functor from it that assigns to each group its underlying set, and
to each homomorphism itself. This functor is often called the “forgetful”
functor, since it forgets the group structure. There are, similarly, forgetful
functors from rings to abelian groups, from pointed sets to sets, etc. □
Example 2.2.15. In the other direction, the process of constructing, from
a set X, the free group F (X) generated by X is a functor: a map of sets
from X to Y determines a map from X to F (Y ) (since Y ⊂ F (Y )), and
this map extends uniquely to a map of groups F (X) −→ F (Y ). Other free
constructions (free abelian group, vector space spanned by a set, free algebra,
etc.) are also functorial, for similar reasons. □

The “free” constructions are clearly not inverse to the corresponding “for-
getful” ones, but are nonetheless related, in a manner that will be described
later.
Example 2.2.16. Every abelian group is, in particular, a group, and a map
of abelian groups is the same as a map of groups. Therefore, we have
an “inclusion” of the category of abelian groups in groups. In the other
direction, for any group G there is an abelian group Gab, along with a group
homomorphism G −→ Gab, which is universal: any group homomorphism
G −→ A into an abelian group A factors uniquely via a map Gab −→ A. Gab

is called the abelianisation of G, and can be consructed as G/G′ where G′abelianisation

is the commutator subgroup of G. □
Exercise 2.2.17. Define the abelianisation on the level of morphisms, and
show that this is indeed a functor (note that you do not need to use the
construction of Gab)
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Example 2.2.18. The fundamental group is a functor π1 : T op∗ −→ Gp from
pointed topological spaces to groups: a continuous map f : X −→ Y deter-
mines a group homomorphism π1(f) : π1(X,x) −→ π1(Y, f(x)), induced by
composition2. Other homotopical invariants (e.g. Homology) are likewise
functorial. □
Example 2.2.19. If G and H are monoids, viewed as categories with one
object, a functor from G to H is the same as a map of monoids. If C is
any category, a functor from G to C is (equivalent to) an object X of C
along with an action of G on X. For example, if C is Set, such a functor
is a G-set, while if C is the category of vector spaces over a field k, it is a
representation. □
Example 2.2.20. If k is a field, assigning to each vector space over k its dual
is a contravariant functor from the category Veck of vector spaces over k to
itself. □
Example 2.2.21. For any set X, let P(X) be its power set. If f : X −→ Y
is a function, let P(f) : P(Y ) −→ P(X) be the map Z 7→ f−1(Z). This is a
contravariant functor from Set to itself. □
Example 2.2.22. For any field k, Example 2.1.3 attaches a vector space kX
to each set X, and Exercise 2.1.4 attaches a linear map u∗ to each map of
sets. This determines a contravariant functor from Set to Veck (and from
G-sets to G-representations, for each monoid G). □
Exercise 2.2.23. Let F : C −→ D be a functor. Show that if both C and
D have an initial object (both denoted by 0), there is a canonical map
0 −→ F(0). Likewise, for any two objects X,Y there is a canonical map from
F(X)

⨿
F(Y ) to F(X

⨿
Y ), assuming these coproducts exist.

If the maps in the last exercise are isomorphisms, we say that F preserves
finite coproducts. Note that if we apply this definition to contravariant preserves finite

coproductsfunctors, it means that F takes coproducts to the corresponding products,
in terms of the original categories.
Exercise 2.2.24. Show that the functor from Exercise 2.2.22 preserves co-
products.

End of lecture 2,
Mar 142.3. Semisimple modules. The property of representations in Mashcke’s

Theorem is captured by the following general definition:
Definition 2.3.1. Let R be a ring. An R-module M is a semisimple module semisimple module

if every submodule is a direct summand (i.e., if N ⊆M is a submodule, then
there is a submodule L ⊆M such that N ⊕ L =M)

A ring R is a semisimple ring if it is semisimple as a module over itself. semisimple ring

2As explained above, we may avoid fixing a base point by attaching, to a space X, the
category π1(X) of paths. This, once again, is a functor, i.e., each continuous map induces
a functor between the corresponding categories. We shall not pursue this direction in this
course
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Example 2.3.2. Maschke’s Theorem asserts that if G is a finite group then
every C[G]-module is semisimple. □

We will consider more examples after the following result.

Proposition 2.3.3. Let R be a ring
(1) If M is a semisimple R-module, then so is every submodule and every

quotient of M
(2) If {Mα} is a family of semisimple R-modules, so is their direct sum

Before giving the proof, we note that the quotient module M/N has a
categorical description, namely, it is a module L along with a map t :M −→ L
such that t(N) = 0, and is universal for this property. As such, it is uniquely
determined, up to a unique isomorphism. If M = N⊕K for some submodule
K, the projection from M to K is easily seen to have this universal property,
hence K is isomorphic to M/N (and more precisely, 〈M/N, t〉 is uniquely
isomorphic to 〈K,π〉, where π is the projection). In particular, any two
direct summands of N inside M are isomorphic.

Proof of Prop. 2.3.3. (1) By the remarks above, we only need to prove
for submodules. Let N ⊆ M be a submodule, and let K ⊆ N .
Since M is semisimple, N has a direct summand L in M , and L+K
has a direct summand E. We claim that the projection π : M −→
N restricts to an isomorphism from K + E to N . Indeed, since
M = E ⊕ L ⊕ K, the kernel L of π intersects E ⊕ K trivially, so
π is injective when restricted to E ⊕ K. On the other hand, if
n ∈ N , writing n = e + l + k according to the direct sum we have
n = π(n) = π(e+ k) + π(l) = π(e+ k), hence n is in the image.

(2) We first show the statement for two modules, in a stronger form: If
E ⊆ M ⊕ N , K is a direct summand of E ∩M in M and L is a
direct summand of π(E), where π : M ⊕ N −→ N is the projection,
then K + L is a direct summand of E.

Assume that x ∈ (K + L) ∩ E. Then π(x) ∈ π(E), but also
π(x) ∈ L, since K ⊆ M = ker(π), so π(x) = 0. But then x ∈
M , hence x ∈ K and also x ∈ E ∩ M , so x = 0. To show that
M ⊕N = K + L+ E, it suffices to show that M ⊆ K + L+ E and
N ⊆M +L+E. The first holds since M ⊆ K +E. For the second,
let n ∈ N . Then for some e ∈ E we have n = l + π(e) − e + e, and
π(e)− e ∈M . This completes the case of two modules.

Now let {Mα} be an arbitrary collection of semisimple modules.
We may assume them to be well-ordered, by an ordinal β. Let
E ⊆

⊕
α<βMα, and set Mγ =

⊕
α<γ Mα, Eγ = E ∩Mγ . We will

construct, by induction, direct summands F γ of Eγ in Mγ , with the
property that F γ ⊆ F δ for γ < δ. Taking γ = β, this will prove the
claim.
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For successor stages, we apply the case of two modules, with Mγ

and Mγ . When γ is limit, we set F γ =
∪

α<γ F
α. Since Mγ =∪

α<γ M
α, we have F γ ⊆Mγ .

Assume that x ∈ F γ ∩ Eγ . Then for some α < γ we have x ∈
Fα ∩ Eα, hence x = 0 by induction. Likewise, if m ∈ Mγ , then
m ∈ Mα for some α < γ, so m = e + f with e ∈ Eα ⊆ Eγ and
f ∈ Fα ⊆ F γ . □

The converse of the first part need not be true: If M is a module with
a semisimple submodule N such that the quotient M/N is semisimple, M
need not be semisimple.

We now consider two examples from the commutative world.
Example 2.3.4. Let R = Z. Then modules are abelian groups. A finitely
generated abelian group a direct sum of cyclic groups whose order is a prime
power, or infinite. According to the proposition, we may consider each
summand separately. If A is such a summand, and B ⊆ A is a non-trivial
subgroup, it cannot be a direct summand by the uniqueness part of the
classification. Hence, a finitely generated abelian group is semisimple if and
only if it is a direct sum of groups of prime order. □
Example 2.3.5. Let R = k[x], where k is an infinite field. We view the
elements of R as functions on k. We recall that every ideal of R is generated
by a single polynomial. If I and J are ideals generated by p and q, then pq
belongs to their intersection. Hence, R itself is not semisimple.

If V is a vector space over k, the space MV of functions from k to V is
a module over R, which acts by multiplication of functions. Let f ∈ MV

be a function. If f is non-zero at infinitely many points of k, then pf is
not the zero function for any non-zero polynomial p. Hence, the submodule
generated by f is isomorphic to R (by the isomorphism taking 1 ∈ R to f),
so is not semisimple.

Thus, if M ⊆ MV is semisimple, then every element of M has finite
support, i.e., is identically 0 outside a finite set. On the other hand, the sub-
moduleM0 ⊆MV consisting of all finitely supported functions is semisimple:
it is the direct sum

⊕
a∈k Va, where Va is the module of functions supported

only at a. Each Va is isomorphic to V as a vector space over k (via the map
R −→ k given by evaluation at a), and is thus semisimple.

We conclude that a submodule of MV is semisimple if and only if it is
contained in M0. □

The preceding examples show that in the commutative world, semisimple
modules correspond to the simplest geometric situation, that of a finite (dis-
crete) set, and are thus not very interesting. On the other hand, for general
rings the theory is much richer, and includes, for example, the representation
theory (in characteristic 0) of all finite groups. End of lecture 3,

Mar 22Corollary 2.3.6. If a ring R is semisimple, then all its modules are semisim-
ple
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The last proposition already shows that semisimple modules behave sim-
ilarly to vector spaces. A vector space further has the property that it is
a direct sum of very simple pieces: one-dimensional spaces. We have no
notion of dimension, and no hope for such a simple description, but we have
replacement for one-dimensional spaces:

Definition 2.3.7. A module M over R is a simple module if it has preciselysimple module

two submodules (namely, 0 and M)3

Proposition 2.3.8. A module is simple if and only if it is isomorphic to
R/I, where I is a maximal (left) ideal

While it is easy enough to give the definition and construct them, it is
not clear how often simple modules are encountered. In fact:

Example 2.3.9. Z has no simple submodules (as a module over itself) □

However, the situation is different for semisimple modules:

Lemma 2.3.10. Any non-zero semisimple module contains a simple sub-
module

Proof. Let a ∈ M be a non-zero element of a semisimple module M . By
Zorn’s Lemma, M has a submodule N which is maximal among submodule
not containing a. By semisimplicity, it has a direct summand L. We claim
that L is simple: otherwise, it has a non-trivial submodule K, and a direct
summand (within L), E. At least one of K,L does not contain a, and
therefore can be added to N , to contradict maximality. □

Proposition 2.3.11. Let M be an R-module. The following are equivalent:
(1) M is semisimple
(2) M is a direct sum of simple modules
(3) M is the sum of its simple submodules

Proof. (2) =⇒ (1): follows from Prop 2.3.3, since any simple module is
semisimple.

(3) =⇒ (1): Let M ′ be the direct sum of all simple submodules of M .
By the previous implication, M ′ is semisimple, and the sum of all
simple submodules of M is a homomorphic image, so by Prop 2.3.3
is semisimple. By assumption, this sum is M .

(2) =⇒ (3): is trivial.
(1) =⇒ (2): Call a set X of simple submodules of M independent if their

sum is direct. Let P be the set of all independent sets of simple
submodules of M , ordered by inclusion. The union of a chain in P
is again in P : If the sum of a union is not direct, there is a finite
non-trivial equation that holds there, and this equation holds at a
finite stage.

3Thus, 0 is semisimple but not simple
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Applying Zorn’s Lemma, let X be a maximal element of P , and
N =

⊕
X ⊆ M . By (1), N has a direct summand E. If E 6= 0, it

has a simple submodule S, which is independent of X, contradicting
the maximality of X. Thus N =M . □

Exercise 2.3.12. Show that any module M has a biggest semisimple sub-
module. This submodule is called the socle of M , denoted soc(M). Show socle

that if f : M −→ N is a map of modules, then f restricts to a map from
soc(M) to soc(N). Thus, soc is a functor from R-modules to semisimple
R-modules.

If R is a field, there is just one isomorphism class of simple modules,
namely, the class of R viewed as a module over itself. Since R is then
simple, it is semisimple, and we get the familiar fact that every vector space
is a direct sum of copies of R, i.e., every vector space has a basis. In the
case of vector spaces, we also know that the number of copies needed is
independent of the decomposition, and that this number determines the
isomorphism class (i.e., there is a well defined notion of dimension, and two
modules of the same dimension are isomorphic).

The same cannot literally be true in the general case, since we have non-
isomorphic simple modules. However, we will see that this is the only ob-
stacle: For a semisimple module M , the number of times a simple module S
occurs in a decomposition is well defined, and the collection of these num-
bers, for all possible simple modules S, determines the isomorphism class
of M . To show this, we need to discuss morphisms between semisimple
modules. We start with the simple ones.

Proposition 2.3.13 (Schur’s Lemma). If f : M1 −→ M2 is a map between
simple modules, then f is either 0 or an isomorphism

Exercise 2.3.14. Prove Schur’s Lemma

To pass to general semisimple modules, we note that for any collection
Mα of modules, the direct sum ⊕αMα is naturally a submodule of the direct
product

∏
αMα (the direct sum is identified with those elements of the

product that have finite support, i.e., that are 0 except at a finite set of
indices). Since the direct sum and the direct product are the categorical
coproduct and product, respectively, in the category of modules, we may
make use of the following observation:

Exercise 2.3.15. Show that given objects Xα and Yβ in a category C, there
is a natural bijection

MorC(
⨿
α

Xα,
∏
β

Yβ) =
∏
α,β

MorC(Xα, Yβ)

(assuming, of course, that these coproduct and product exist; here α and β
range over some fixed set)
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Combining the last exercise with the observations before it, and Schur’s
Lemma, we obtain:

Corollary 2.3.16. For any two collections Sα and Tβ of simple modules,
for M = ⊕αSα and N = ⊕βTβ we have

Hom(M,N) ⊆
∏

X semisimple
Hom(⊕sXX,⊕tXX)

where sX is the cardinality of the set of indices α for which Sα is isomorphic
to X (and similarly for tX). Furthermore, if f ∈ Hom(M,N) is injective,
or an isomorphism, then so is each of its components on the right.

The last corollary reduces the question of isomorphism of two direct sums
to the case of a single simple module. To complete the classification, we
show that, just like in vector spaces, the isomorphism type is determined by
the number of summands:

Proposition 2.3.17. If S is a simple module, and ⊕α∈IS is isomorphic to
⊕α∈JS, then I and J have the same cardinality.

The proof is virtually identical to the special case of vector spaces over a
field.

Proof. We first claim that if T ⊂ ⊕nS is a proper submodule (where n is
finite), then T is isomorphic to ⊕mS, where m < n. Consider the projection
π on the first n − 1 coordinates. Then T is isomorphic to π(T ) + ker(π).
Since ker(π) ⊆ S and S is simple, we have ker(π) = 0 or ker(π) = S. In
the first case, T is isomorphic to the submodule π(T ) of a smaller sum, so
we are done by induction. If π(T ) is a proper submodule of ⊕n−1S, we
are again done by induction. Hence we may assume that ker(π) = S and
π(T ) = ⊕n−1S, but then T is not a proper submodule.

The claim proves the proposition in the case that one of the index sets
is finite. Assume now that that t : ⊕IS −→ ⊕JS is an isomorphism, where
I and J are infinite. Let s ∈ S be a non-zero element, and let eα ∈ ⊕IS,
for α ∈ I, be the element value s at α and 0 elsewhere. Since s generates
S, the eα generate ⊕IS. Each t(eα) has a finite support Jα ⊆ J , so each
element in the image of t has support in J ′ = ∪α∈IJα. On the other hand,
since t is an isomorphism, J ′ = J . Since J ′ is a union of |I| finite sets, we
have |J | ≤ |I|. Applying this in the other direction we get equality. □

To conclude, the isomorphism type of a semisimple module is determined
by its simple summands. To state this more precisely, we introduce the
following definition:

Definition 2.3.18. If M is a semisimple module, and S is a simple module,
the multiplicity of S in M , denoted mS(M), is the number of copies of Smultiplicity

mS(M) that appear in the direct sum decomposition of M into simple modules (this
is a cardinal).



NON-COMMUTATIVE ALGEBRA 17

The preceding results state that the numbers mS(M) are well defined for
each S and M (i.e., do not depend on the decomposition), as well as:
Corollary 2.3.19. Semisimple modules M and N over a ring R are iso-
morphic if and only if mR/I(M) = mR/I(N) for every maximal (left) ideal
I.

In the case when R is a field, 0 is the only (hence maximal) left ideal, and
mR(M) is just the dimension of M as a vector space. Thus, the corollary is
a direct generalisation of linear algebra.
Example 2.3.20. Continuing Example 2.3.5, each a ∈ k corresponds to the
maximal ideal generated by x−a, and the corresponding multiplicity ma(M)
(for M ⊆ M0) is the dimension of the space of functions in M that are
supported on a. □
Exercise 2.3.21. Compute a direct sum decomposition of k[S3] as a module
over itself (where char(k) 6= 2, 3)

End of lecture 4,
Mar 23
End of lecture 5,
Mar 29

2.4. Semisimple rings. We now consider the case that R itself is semisim-
ple. Recall that this is satisfied by the group algebra of a finite group over
almost all characteristics, and that in this situation, any module is semisim-
ple. Our goal is to understand the structure of R as a ring. We begin with
a few observations about R as a module over itself, which hold for a general
ring.
Proposition 2.4.1. If R = ∪α∈AMα where Mα ⊆ R is a submodule for
each α, then R =Mα for some α
Proof. For some α, 1 ∈Mα. □

The module R has and additional special feature: it is also a right R-
module. We now study the action of R on itself on the right. We first make
a simple observation:
Proposition 2.4.2. Let R be any ring. The action of R on itself on the
right identifies R with EndR(R)

◦, the opposite of the endomorphism ring of
R as a module over itself.
Exercise 2.4.3. Prove the proposition
Corollary 2.4.4. A left ideal in R is a two-sided ideal if and only if it is
preserved by all endomorphisms of R (as a module)
Proof. A left ideal is a two-sided ideal if and only if it is invariant under
multiplication on the right by all elements, which coincides with the action
of endomorphisms □

Here is the application we will need:
Corollary 2.4.5. Let S be a simple module over a ring R, and let IS be the
sum of all ideals in R isomorphic to S. Then IS is a two-sided ideal.
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Proof. IS is a sum of left submodules, so is a left submodule. Any endomor-
phism of R will take an ideal isomorphic to S to another such (or to 0), so
the sum is invariant under all endomorphisms. □

If R is semisimple, it is a sum of itself simple submodules, so we find that
R is a direct sum of two-sided ideals (each the sum of a single isomorphism
class of simple modules). This allows us to use the following result, known
as the Chinese remainder theorem:

Proposition 2.4.6 (The Chinese Remainder Theorem). Let R be any ring,
I1, . . . , In two-sided ideals such that Ik + Il = R for all k 6= l, and ∩jIj = 0.
Let Rk = R/Ik, and let πk : R −→ R/Ik be the projection. Then the combined
map π1 × . . .× πn : R −→

∏
iRi is an isomorphism

Proof. The map is clearly injective. To prove surjectivity, for each k < n we
may write 1 = ek + fk, with ek ∈ Ik and fk ∈ In. Taking the product over
all k < n, we get

1 =
∏
k

(ek + fk) =
∏
k

ek + r

where r is the sum of products, each of which consisting of at least one fk.
Writing J = ∩k<nIk, we thus have r ∈ In and

∏
k ek ∈ J , so In + J = R

and In ∩ J = 0, and we are reduced to the case n = 2. The elements
(1, 0), (0, 1) ∈ R/I1 × R/I2 generate it as an R-module, and are the images
of f1, e1, respectively, so we are done. □
Corollary 2.4.7. Any semisimple ring is a finite product of rings having
precisely one simple module (up to isomorphism)

The product decomposition results in a decomposition of the whole the-
ory:

Exercise 2.4.8. Let R and S be two rings. Let C be the category whose
objects are pairs (M,N) where M is an R-module and N is an S-module,
and where morphisms are pairs of module homomorphisms. Show that there
is a functor F from the category R×S−Mod of module over R×S to C, and
a functor G : C −→ R×S−Mod, and isomorphisms αM :M −→ G(F(M)) and
β(N,L) : (N,L) −→ F(G((N,L)) for all M,N,L in the appropriate categories.

Remark 2.4.9. In terminology that will be defined in §5.1.2, this almost
shows that the category of R× S-modules is equivalent to C. □

Because of the last exercise, we may concentrate on each factor separately.
The factors can be characterized via the following definition:

Definition 2.4.10. A module M over a ring R is a faithful module if for allfaithful module

r ∈ R, if rM = 0, then r = 0. A ring R is a primitive ring if it has a faithfulprimitive ring

simple module.

Exercise 2.4.11. Show that if R = R1 ×R2 is a non-trivial product of rings,
then it cannot be primitive.
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The notion of a primitive ring is interesting outside the context of semisim-
ple rings. In the semisimple case, we have:

Proposition 2.4.12. A semisimple ring R is primitive if and only if it has
only one simple module (up to isomorphism)

Proof. If R has only one simple module S, it is isomorphic (as a module)
to Sn for some n. Hence if rS = 0 then 0 = rSn = rR, so r = 0 since
r = r1 ∈ rR.

If R has more than one simple module, we had seen that it is a product
of rings, so cannot be primitive by the last exercise. □

So we now concentrate on the case of primitive semisimple rings. We first
consider an example.

Example 2.4.13. Let V be a vector space over a field k, and let R = Endk(V ).
Then R acts on V , and since the action is transitive on (non-zero) vectors,
this is a simple module. Thus R is primitive.

If B is a basis for V , any map (of sets) T0 : B −→ V extends to a unique
linear endomorphism of V . Thus, as R-modules, R is isomorphic to V B. In
particular, R is semisimple if and only if B is finite, and in this case, V is
the only simple module. □

We now wish to ask to which extent the last example is typical: is any
primitive semisimple ring R necessarily like in the last example? We will see
that the answer is yes, provided we allow the field to be non-commutative:

Definition 2.4.14. A division ring is a ring in which every non-zero element division ring

is invertible.

A division ring is clearly primitive semisimple, but if it is not commuta-
tive, it is not of the form Endk(V ) for a commutative field k. On the other
hand, essentially all of linear algebra generalises to vector spaces (modules)
over division rings, so rings of the form Endk(V ) where k is a division ring
are rather familiar as well.

We will later see that non-commutative division rings do exist. In the
meantime, we note the following general method of producing division rings:

Exercise 2.4.15. Show that if S is a simple module over some ring R, then
EndR(S) is a division ring

We may now prove the classification result:

Theorem 2.4.16. Any primitive semisimple ring is isomorphic to EndD(V )
for some division ring D and some finite dimensional vector space V over
it.

Any semisimple ring is isomorphic to a finite product of matrix rings
over division rings. The numbers of factors, the isomorphism classes of the
division rings, and the dimensions are uniquely determined.
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Proof. Let R be a primitive semisimple ring, and let S be a faithful simple
module. Writing R as Sn, we have:

R◦ = EndR(R) = EndR(S
n) =

∏
1≤i≤n

∏
1≤j≤n

HomR(S, S) =Mn(E)

where E = EndR(S) is a division ring by the last exercise, and Mn(E) is theMn(E)

ring of n× n matrices over E (the last two equalities are by Exercise 2.3.15
and by the standard computation from linear algebra). We now note that
the transpose is an isomorphism from Mn(E) to Mn(E

◦), so setting D = E◦

and V = En, we obtain the result.
The statement for general semisimple rings follows directly from this and

Corollary 2.4.7. The uniqueness follows from Corollary 2.3.19 and Exam-
ple 2.4.13 (applied with k a division ring). □
Remark 2.4.17. We could prove the result without passing through the Chi-
nese Remainder Theorem, by applying the same calculation to the decom-
position of a general semisimple ring. However, the Chinese Remainder
Theorem and the notion of a primitive ring are important in their own
right. □
Remark 2.4.18. Under the isomorphism from R to Mn(D), the module Dn

becomes isomorphic to S. This isomorphism depends on the choice of iso-
morphism from R to Sn as an R module. S is, by definition, a vector space
over D, and the elments of R act on S by D-linear endomorphisms. Thus we
have a canonical homomorphism of rings R −→ EndD(S), that does not de-
pend on any choices. Though we did not prove it directly, we now know that
this is an isomorphism: The map is injective since R is primitive, and thus
by dimension (over D) is also surjective. We shall return to this point later.
The connection between the choices made is worked out in the following
exercise. □
Exercise 2.4.19. Assume that a semisimple ring R has a unique simple mod-
ule S. Choose an R-module isomorphism f : Sn −→ R = EndR(R)

◦, and let
Si be the image of i-th component under f .

(1) Show that Si is the set of endomorphisms with image in Si
(2) Writing 1 = s1 + · · ·+ sn with si ∈ Si, show that sisj = δij .
(3) Let E = EndR(S). Show that {f−1(si)} forms a basis of S over E.

End of lecture 6,
Mar 30 We mention two additional corollaries of the structure theorem. The first

explains why the notion of a semisimple ring is not very interesting in the
commutative case:
Corollary 2.4.20. A commutative ring is semisimple if and only if it is a
finite product of fields.

The second, rather surprising, is that we could consider right modules
instead of left modules all along:
Corollary 2.4.21. A ring R is semisimple if and only if R◦ is semisimple
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Before giving the proof, we introduce the notion of the dual module:

Exercise 2.4.22. Let V be a module over a ringD, and let V ∨ = HomD(V,D),
viewed as an abelian group.

(1) If φ ∈ V ∨ and d ∈ D, show that the map φd, defined as (φd)(v) =
φ(v)d, is in V ∨

(2) Show that (φ, d) 7→ φd gives V ∨ the structure of a module over D◦

(this is called the dual module) dual module

(3) If t : U −→ V is a map of modules over D, show that composition
with t determines a map t∨ of D◦ modules from V ∨ to U∨, and that
this process determined a contravariant functor from modules over
D to modules over D◦.

(4) Assume that D is a division ring. Show that applying duality twice
is essentially the identity on finite-dimensional modules. More con-
cretely, show that if U and V are finite dimensional, the map t 7→ t∨

is a bijection.

Proof. If R is semisimple, it is isomorphic to a finite product of rings of the
form Ri = EndDi(Vi), with Di a division ring, and Vi a finite dimensional
vector space over it. The opposite is thus a product of the opposite rings
Ri

◦, i.e., to endomorphism algebras. The exercise shows that EndD(V ) is
canonically isomorphic to End◦

D(V
∨), so is an endomorphism algebra itself.

□

2.5. Representations again. In the case of the group algebra there is an
additional ingredient we did not employ so far, namely, it is an algebra over
a field. In this case, we can strengthen the result:

Proposition 2.5.1. Let R be a semisimple k-algebra, where k is a field.
Then every division ring D that appear in the decomposition of R contains
k in its centre. If R is of finite dimension over k, then so is D, and if in
addition k is algebraically closed, then D = k.

Proof. The map from k to R corresponds to maps to each factor, so we
reduce to the case R = EndD(V ). Since k is in the centre of R, multiplication
by elements of k is an endomorphism of the R-module structure, hence
k ⊆ D, and for the same reason it is in the centre.

The second statement is obvious, since D ⊆ R. For the third, let d ∈ D.
The sub-ring k[d] ⊆ D is commutative (since k is in the centre), finite
dimensional and has no zerodivisors, so is a finite field extension of k. Since
k is algebraically closed, d ∈ k. □

Because of the proposition, we will mostly fix attention on the case that
k is algebraically closed. In this case, our results can be summarised as
follows:

Corollary 2.5.2. Assume that G is a group of size n, and k is an alge-
braically closed field of characteristic p prime to n. Then:
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(1) Each representation of G over k is a direct sum of irreducible rep-
resentations. The multiplicity of each irreducible component is well
defined.

(2) There are finitely many isomorphism classes of irreducible represen-
tations, X1, . . . , Xr, of dimensions n1, . . . , nr. The multiplicity of
Xi in the regular representation is ni.

(3)
∑
n2i = n

We next ask: can the number r of irreducible representations be described
more directly in terms of the group? Recall that the group G acts on itself
by conjugation, c : G×G −→ G given by c(g, h) = g−1hg. A conjugacy classconjugacy class

in G is an orbit under this action. In other words, it is a set of the form
{g−1hg | g ∈ G} for a fixed h. A function on G is called a class function ifclass function

it is constant on conjugacy classes.

Proposition 2.5.3. Let G be a group of size n, and k is an algebraically
closed field of characteristic prime to n. Then the number of irreducible
representation of G is equal to the number of conjugacy classes in G.

Proof. We compute the centre of k[G] in two different ways: First, an ele-
ment

∑
g∈G agg ∈ k[G] is in the centre if and only if it commutes with all

elements of G, i.e., for all h ∈ G∑
agg = h−1

∑
aggh =

∑
agh

−1gh =
∑

ahgh−1g

Since the elements of G are linearly independent in k[G], we get that this
happens if and only if g 7→ ag is a class function.

On the other hand, we have k[G] =M1× . . .×Mr, where r is the number
of irreducible representations, and each Mi is a matrix algebra over k. Since
the centre of each Mi is k (the scalar matrices), we have Z(k[G]) = kr.

It follows that the dimension of the space of class functions is r, hence
that there are r conjugacy classes. □

Exercise 2.5.4. Compute the conjugacy classes and the irreducible represen-
tations of S3

End of lecture 7, Apr
5 The last result is somewhat unsatisfactory: though we found that conju-

gacy classes and irreducible representations are the same in number, we did
not find an explicit matching between them. The last exercise also does not
provide an obvious way to match them. We now reprove the last result in a
manner that explains the situation. We refer to [Ser77] for details on this,
and for more information about representations.

Unless otherwise stated, we now assume that k is an algebraically closed
field of characteristic 0 (for example, the complex numbers). We first note,
that it is unlikely to expect that a canonical matching between conjugacy
classes and irreducible representations be found. The reason is that, while
the structure of representations depends only on the group algebra, the pas-
sage from the group to the group algebra forgets information. For example,
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according to Corollary 2.4.20, any two commutative groups have isomor-
phic group algebras. Instead, we will find a canonical isomorphism between
the linear space spanned by the irreducible representations and the linear
space of class functions. In fact, we can do it on the level of an arbitrary
semisimple k-algebra.

We begin by noting that there are two canonical representations associ-
ated with G: the group algebra R = k[G] (viewed as a module over itself),
and the regular representation kG. What is the relation between them? Any
group element determines, by evaluation a linear functional on kG. Extend-
ing by linearity, we obtain an isomorphism of vector spaces between the
regular representation and R∨, the vector space dual of the group algebra.
The representation itself is obtained by considering the right action of R on
itself.

Inside the group algebra R we have the centre Z(R). On the other hand,
inside R∨ we have (under the above isomorphism) the class functions. Can
we describe these functions in terms of the algebra structure?

Exercise 2.5.5. Let R = k[G] and let φ : R −→ k be a linear function. Show
that φ is a class function if and only if φ(rs) = φ(sr) for all r, s ∈ R.

We may now forget the group entirely, and describe the situation on the
level of algebras. An element φ ∈ R∨ satsfies φ(rs) = φ(sr) for all r, s ∈ R
precisely if it is 0 on the subspace [R,R] of R spanned by the elements
[r, s] = rs− sr. Thus, the class functions can be described as the subspace
(R/[R,R])∨ of R∨. Note that R/[R,R] is the largest commutative quotient
of R.

The point now is that the two sides are canonically isomorphic:

Proposition 2.5.6. Let R be a semisimple algebra over an algebraically
closed field k of characteristic 0. For each r ∈ R, let Tr : R −→ R be the
right multiplication by r (so Tr(s) = sr), and let dr : R −→ k be given by
dr(s) = Tr(Tsr). Then:

(1) r 7→ dr is an isomorphism d : R −→ R∨ of R-modules.
(2) The restriction of d to the centre Z(R) of R identifies it with the

subspace (R/[R,R])∨ of R∨.

The following diagram describes the situation:

R R∨

Z(R) (R/[R,R])∨

d

∼

d

∼

(2.1)

The statement will follow from the following analogous statement in linear
algebra:

Lemma 2.5.7. Let U be a finite dimension vector space over a field k, and
let V = Endk(U)
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(1) The map T 7→ (S 7→ Tr(TS)) determines an isomorphism from V
to V ∨

(2) The space [V, V ] spanned by the commutators in V coincides with
the elements of trace 0

Proof. (1) Will be proved in §3.2.
(2) Since Tr(ST ) = Tr(TS) for all T, S ∈ V , we need to show that any

trace-zero transformation is a linear combination of commutators.
Picking a basis, we may identify V with matrices, and the space of
matrices of trace 0 is spanned by matrices from the standard basis off
the main diagonal, and diagonal matrices with two non-zero entries
equal to 1 and −1. This reduces to the two dimensional case, and in
fact to the cases e =

(
0 1
0 0

)
and h =

(
1 0
0 −1

)
. We have e = [f, e] and

h = [e, et], where f =
(
1 0
0 0

)
, and et is the transpose of e. □

The proof of the proposition reduces to this via Theorem 2.4.16:
Proof of 2.5.6.

(1) If t, s ∈ R =
∏

Endk(Ui), we may write t = (t1, . . . , tr), s = (s1, . . . , sr),
with ti, si ∈ Endk(Ui). Then st =

∑
siti, and since the trace is addi-

tive with respect to direct sums, we have dt(s) =
∑
dti(si). Hence,

we may assume that t = ti 6= 0, and we need to find s ∈ Endk(Ui)
with Tr(Tst) 6= 0, where Tst is viewed as a map on End(Ui). But
End(Ui) is isomorphic to the direct sum of ni copies of Ui, with st
acting diagonally, so Tr(Tst) is ni times the trace of st acting on
Ui. Since we are in characteristic 0, the lemma shows this is non-
degenerate.

(2) If c is in the centre, and s, t ∈ R, we have Tr([s, t]c) = Tr(stc−tsc) =
Tr(stc − tcs) = Tr([s, tc]) = 0. Thus dc ∈ (R/[R,R])∨. For the
converse, if dc(t) = 0 for all t ∈ [R,R], reducing again to the case
of matrices and using the second part of the lemma, we see that
Tr(tc) = 0 whenever Tr(t) = 0. It follows that there is a scalar
d such that Tr(t(c − d)) = 0 for all t. Hence c − d = 0, so c is
multiplication by d. □

Exercise 2.5.8. Show that if R = k[G] is a group algebra of dimension n,
then d sends g ∈ G to the function nδg−1 ∈ kG (where δg is the characteristic
function of g)

Let I be the set of isomorphism classes of simple modules for R. Thus, I
has size r, and to each element s ∈ I corresponds an idempotent es ∈ Z(R)
with 1 =

∑
s∈I es. The es form a basis for Z(R) over k, and so we have

recovered Proposition 2.5.3 and upgraded it to the isomorphism d.
We conclude with a number of observations.

Exercise 2.5.9. Let S be a simple R-module of dimension n over k. We write
[S] = 1

neS ∈ Z(R). If X is an arbitrary finite-dimensional R-module, we may
write X = ⊕S∈IS

ns for unique numbers ns, and we set [X] =
∑
ns[S]. Thus
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we have a well defined map from isomorphism classes of finite-dimensional
R-modules to Z(R).

On the other hand, to any such X we may assign an element tX of
(R/[R,R])∨, given by tX(r) = Tr(rX), where rX is the linear map on X
given by r.

Show that these two maps are compatible with d: d([X]) = tX . In the
language of representation theory, tX is called the character of X. Show character

that if tX = tY then X and Y are isomorphic.

Exercise 2.5.10. The isomorphism d determines (and is determined by) the
symmetric bilinear map 〈·, ·〉 on R∨ (and on (R/[R,R])∨) given by 〈f, g〉 =
g(d−1(f)).

(1) Show that the maps of the form tX , whereX is a simple module, form
an orthonormal basis of (R/[R,R])∨ for this bilinear map. Conclude
that 〈tY , tY 〉 = 1 if and only if Y is simple.

Assume now thatG is a group of size n, and R = k[G]. We denote byG�G G � G

the set of conjugacy classes, and for c ∈ G�G, by fc ∈ kG�G = (R/[R,R])∨

the characteristic function of c. Note that if g and h are cojugate, then so
are g−1 and h−1, so the inverse c−1 of a conjugacy class c is well defined.

(2) Show that 〈t, s〉 = 1
n

∑
g∈G t(g)s(g

−1) on kG.
(3) Show that if t is a class function, then 〈t, fc〉 = |c|

n t(c
−1). In particu-

lar, the transition matrix between the two bases of the space of class
functions is given by ( |c|n tX(c−1)), where c ranges over the conjugacy
classes, and X over isomorphism classes of irreducible representa-
tions.

(4) Show that for g, h ∈ G we have∑
X∈I

tX(g)tX(h−1) =

{
n/|c| g, h ∈ c for some class c,
0 otherwise.

(Hint: expand fc in the basis {tX})
The transition matrix between the two canonical bases, computed above,

is called the character table of G. It contains all the information about the character table

representations of G.

Exercise 2.5.11. Let G be a finite group, and let G∨ be the set of one-
dimensional representations of G, viewed as group homomorphisms into k∗.
The pointwise product gives G∨ the structure of an abelian group, called
the Pontrjagin dual group of G. Pontrjagin dual group

(1) Assume that G is abelian. Show that G∨ forms a basis of kG.
Hence kG can be canonically identified (as a k-algebra) with k[G∨].
The transition matrix (character table) discussed above is called the
Fourier transform in this case. Fourier transform

(2) Show that in the case G = Z/nZ, G∨ = µn, the group of n-th roots
of 1. Compute the transition matrix (character table) in this case.
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(3) If G is an arbitrary finite group, show that k[G∨] is isomorphic to
k[Gab]

This completes our discussion of representations over an algebraically
closed field of characteristic 0. We will consider the non-algebraically closed
case in the next subsection. Now we consider the case when the character-
istic p of k divides n. We had seen that in this case semisimplicity fails,
We will now see that in the extreme case that G is a p-group, it fails in the
strongest way possible. We recall that every p-group (i.e., a group whose or-
der is a power of p) has a non-trivial centre Z(G) (this follows from counting
the sizes of conjugacy classes).

Proposition 2.5.12. If V is a finite-dimensional non-trivial representation
of a p-group G over an algebraically closed field k of characteristic p, then
V has a non-zero fixed vector. In particular, every irrducible representation
of G is trivial (hence 1-dimensional)

Proof. We first claim that every 1-dimensional representation of G over k
is trivial. Indeed, such a representation is a group homomorphism into the
multiplicative group of k, and the order of each element in the image is a
power of p. The only such element in a field of characteristic p is 1.

Assume that G has a proper non-trivial normal subgroup H. By in-
duction, the space U = V H of vectors fixed by H is non-zero, and is a
representation of G/H. Again by induction, U has a vector fixed by G/H,
hence by G.

It remains to deal with the base of the induction, i.e., when G is simple.
Then G must be abelian, since otherwise the centre is a non-trivial proper
normal subgroup. Hence G is cyclic, generated by one element g, which
determines a linear automorphism of V , and since k is algebraically closed,
it has an eigenvector v. This eigenvector then spans a one-dimensional
representation, which must be trivial by the above, hence v is fixed. □

End of lecture 8, Apr
19

3. Tensor products

In this section, we would like to answer the following questions:
(1) How to prove Lemma 2.5.7(1)?
(2) Suppose that S is an R-ring, and M is an R module. Is there a way

to turn M into an S-module in a canonical way?
(3) If G is a group, the space of class functions forms a sub-algebra of

kG. We have seen that this space is spanned by characters of repre-
sentations. Can the product be described in terms of representations
as well?

(4) What is the coproduct in the category of commutative rings? How
about general rings?

(5) What can be said of representations over non-algebraically closed
fields?
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The common motive for all these questions is that they involve a kind
of a product between elements of abelian groups (or modules). By that we
mean a bilinear map b : U×V −→W , where U , V and W are abelian groups.
We may think of b(u, v) as a “product” of u and v, with value in W , and
bilinearity means that this product is distributive. Fixing U and V , this
still may seem potentially complicated, as we are dealing with arbitrary W ,
and with bilinear, rather than linear maps. Fortunately, there is a universal
one:
Definition 3.0.1. Let U and V be two abelian groups. The tensor product tensor product

of U and V consists of an abelian group U ⊗ V and a bilinear map ⊗ : U ⊗ V

U × V −→ U ⊗ V , 〈u, v〉 7→ u ⊗ v, which is universal: if b : U × V −→ W
is a bilinear map, there is a unique homomorphism b′ : U ⊗ V −→ W with
b′(u⊗ v) = b(u, v) for all u ∈ U, v ∈ V .

As usual with universal objects, the tensor product is uniquely determined
by its property (up to a unique isomorphism).
Exercise 3.0.2. Let U and V be abelian groups. Show the following:

(1) U⊗V is canonically isomorphic to V ⊗U , and if W is another abelian
group, (U ⊗ V )⊗W is isomorphic to U ⊗ (V ⊗W ).

(2) Z⊗ U is isomorphic to U . If u ∈ U and v ∈ V have coprime orders,
then u ⊗ v = 0 (in particular, the tensor product of two groups of
coprime orders is 0).

(3) For fixed U , V 7→ U ⊗ V is a functor: an additive map f : V −→ W
induces a map 1⊗f : U⊗V −→ U⊗W , compatibly with compositions.

Example 3.0.3. If A is an abelian group, a ring structure on A is a bilinear
map · : A × A −→ A, hence is given by a linear map from A ⊗ A to A.
Conversely, such a linear map determines a (non-unital) ring structure if it
is associative. □

We did not yet state that the tensor product exists. Since U ⊗ V is the
“most free” product of U and V , it is simplest to construct it freely:
Exercise 3.0.4. Show that the tensor product of any two abelian groups U
and V exists. Show that if U is generated by {uα} and V is generated by
{vβ}, then U ⊗V is generated by {uα⊗ vβ} (consider the free abelian group
on the set U × V , and divide by suitable relations)
3.1. Ring structure. Assume now U is a module over a ring R. By Exer-
cise 3.0.2, we have an induced R-module structure on U ⊗V , for all abelian
groups V . This R-module structure is uniquely determined by the following
property: IfW is anR-module, there is a one-to-one correspondence between
R-module homomorphisms U ⊗ V −→ W and bilinear maps b : U × V −→ W
satisfying b(ru, v) = rb(u, v) for all r ∈ R, u ∈ U and v ∈ V . Thus, it is a
form of associativity.

Assume now that both U and V are R-modules. It is then natural to be
interested in bilinear maps on U × V in which multiplication by elements
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of R on each of the coordinates gives the same result. This happens, for
example, for inner products, or for algebra structures. One easily verifies
that this requirement is reasonable only if U and V are modules on opposite
sides, i.e., one of them is a module over R◦. As with usual bilinear maps, it
is convenient to consider the universal one:

Definition 3.1.1. Let R be a ring, V an R-module, and U an R◦-module.
An R-bilinear map on U×V is a bilinear map b : U×V −→W , where W is anR-bilinear map

abelian group, satisfying b(ur, v) = v(u, rv) for all r ∈ R and (u, v) ∈ U×V .
The tensor product over R of U and V , denoted U ⊗R V , is a universaltensor product over R

U ⊗R V R-bilinear map from U × V .

Thus, we have ur⊗ v = u⊗ rv in U ⊗R V . Most of Exercise 3.0.2 can be
repeated in this context:

Exercise 3.1.2. Let U be an R◦-module. Show:
(1) U ⊗R R = U (canonical isomorphism; the left side is apriori only an

abelian group, but gains a right R-module structure with the action
of R on itself on the right, and then this is true as R◦-modules)

(2) If V is an R-module, u ∈ U and v ∈ V , and 1 ∈ annu+ ann v, then
u ⊗ v = 0 in U ⊗R V

4 (Note that annu + ann v is, in general, only
an additive subgroup of R.)

(3) The assignment V 7→ U⊗RV is a functor from R-modules to abelian
groups.

(4) The usual tensor product is the same as tensor product over Z

The existence of tensor products over R follows formally from that of
abelian groups:

Proposition 3.1.3. For any ring R, R-module V and R◦-module U , the
tensor product U ⊗R V exists.

Proof. Set U ⊗R V = U ⊗ V /{ur ⊗ v − u ⊗ rv | r ∈ R, u ∈ U, v ∈ V }. The
map sending (u, v) to the class of u ⊗ v is clearly R-bilinear, and it is easy
to see that it is universal. □

We stress that in general, U ⊗R V has only the structure of an abelian
group: there is no well defined R-module structure on it. However, if U is,
in addition, and S-module for some ring S, and the two module structures
on U commute (i.e., (su)r = s(ur) for s ∈ S, r ∈ R and u ∈ U), then U⊗RV
becomes an S-module as above (by Exercise 3.1.2). An important special
case is when R is commutative, and S = R, with the same module structure.
Thus, for commutative rings R, U ⊗R V is canonically an R-module, and we

4If R is the (commutative) ring of functions on some space X, we may think of u
and v as generalised functions on X. Then u is supported on the set of common zeroes of
elements of annu (and similarly for v), and the condition 1 ∈ annu+ann v means that the
supports are disjoint. Thus, the geometric content here is that the product of functions
supported on disjoint subsets is 0.
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treat it as such (note that the R-module structure is the same if we use the
R-module structure on V instead).

Exercise 3.1.4. Let k be a field, and let U and V be k-vector-spaces. Show
that if {uα} and {vβ} are bases for U and V , respectively, then {uα ⊗ vβ}
is a basis for U ⊗k V . In particular, dimk(U ⊗k V ) = dimk(U)dimk(V ).

Exercise 3.1.5. Show that if F is a free left R-module, and M is a right
R-module, then M ⊗RF is isomorphic to a direct sum of copies of M . Show
that if N ⊆M is a submodule, then N ⊗R F is a submodule of M ⊗R F (we
say that F is a flat R-module, so every free module is flat). In particular, flat R-module

this holds for any module over a division ring

3.2. Some linear algebra. We now fix a field k. All our tensor products
will be over k, so we suppress the subscript. Let U and V be k-vector spaces.
If φ ∈ U∨ and v ∈ V , the map u 7→ φ(u)v is a linear map from U to V .
Hence, we have a map from U∨×V to Hom(U, V ), which is clearly bilinear.

Proposition 3.2.1. Let U and V be k-vector spaces.
(1) The linear map U∨ ⊗ V −→ Hom(U, V ) is injective. If U or V are

finite dimensional, the map is an isomorphism
(2) The linear map U∨⊗V ∨ −→ (U ⊗ V )∨ induced by (φ,ψ) 7→ (u⊗ v 7→

φ(u)ψ(v)) is injective, and is bijective if either U or V is finite-
dimensional.

(3) If W is another space, the composition map Hom(U, V )⊗Hom(V,W ) −→
Hom(U,W ) restricts to the map determined by (φ ⊗ v, ψ ⊗ w) −→
ψ(v)φ⊗ w.

Proof. By Exercise 3.1.4, we may write an arbitrary element of U∨ ⊗ V as∑
φi ⊗ vi, with each of {φi} and {vi} independent. Hence, if u ∈ U is any

element such that not all φi(u) = 0, the corresponding linear map will not
map it to 0.

If U is finite dimensional, let {ui} be a basis. An arbitrary linear map
T from U is determined by its values vi = Tui on the basis. Then T is
represented by

∑
φi ⊗ vi, where φi is the basis dual to ui. The proof in the

other case is similar.
The other parts are similar and left as an exercise □

Exercise 3.2.2. Complete the proof of the proposition.

Let U be a finite dimensional vector space. The map from U∨ × U to k
given by (φ, u) 7→ φ(u) is bilinear, hence induces a linear evaluation map
ev : U∨⊗U −→ k. It is natural to ask how to interpret this map if we identify
U∨ ⊗ U with End(U), as above.

Proposition 3.2.3. Let U be a finite dimensional space. The evaluation
map ev : U∨ ⊗ U −→ k coincides with the trace map under the isomorphism
from Prop. 3.2.1(1)
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Proof. Since both maps are linear, it suffices to prove they coincide on a
basis. If ui is a basis for U and φi is the dual basis, a basis for U∨ ⊗ U is
given by φi⊗ uj (by Exercise 3.1.4). On this basis the claim is obvious. □
Proof of Lemma 2.5.7(1). We identify End(U) with U∨ ⊗ U . We first note
that according to Prop. 3.2.1(2) we have isomorphisms

U∨ ⊗ U ∼−→ U ⊗ U∨ ∼−→ (U∨)
∨ ⊗ U∨ ∼−→ (U∨ ⊗ U)

∨

Tracing through, this isomorphism sends φ⊗u ∈ U∨⊗U to the map sending
ψ ⊗ v to ψ(u)φ(v). On the other hand, the map described in the lemma is
given by φ⊗u 7→ (ψ⊗v 7→ Tr(φ⊗u◦ψ⊗v)). We have φ⊗u◦ψ⊗v = ψ(u)φ⊗v
by Prop. 3.2.1(3), and its trace is ψ(u)φ(v) by Prop. 3.2.3. So the two maps
coincide. □End of lecture 9, Apr

20 3.3. Tensor product representations. Assume now that U and V are
representations of a group G. Then U ⊗ V admits the structure of a G-
representation, given by the action on each factor. A calculation similar to
the above shows:
Exercise 3.3.1. If T and S are endomorphisms of finite-dimensional vector
spaces U and V (respectively), and T ⊗ S is the resulting endomorphism of
U ⊗ V , then Tr(T ⊗ S) = Tr(T )Tr(S)

Applying this to each element of G separately, we obtain:
Corollary 3.3.2. If X and Y are (finite dimensional) representations of a
group G, then tX⊗Y = tXtY (as functions from G to k)

We had seen that for finite groups G and algebraically closed fields k
(of suitable characteristic), the character of a representation determines its
isomorphism type, so this is helpful in computations.
Example 3.3.3. The irreducible representations of S3 are the trivial represen-
tations 1, the sign representation S, and a 2-dimensional representation X.
Denoting the conjugacy classes of S3 by 1, 2, 3, according to their orders, a
direct computation shows: tX(1) = 2, tX(2) = 0 and tX(3) = −1. It follows
from the last corollary that tX⊗X = (4, 0, 1) = tX + tS + t1, so X ⊗ X is
isomorphic to X ⊕ S ⊕ 1 □

To appreciate the power of the method from the last example, we would
like to describe the isomorphism directly. As a first step, we consider dual
representations:
Exercise 3.3.4. Let U and V be representations of a group G over a field
k. For T ∈ Homk(U, V ) and g ∈ G we let g(T ) ∈ Homk(U, V ) be the map
g(T )(u) = gT (g−1u). Show the following.

(1) T 7→ g(T ) is a representation of G. What are the fixed vectors?
(2) With this structure, the maps in Prop. 3.2.1 are maps of represen-

tations (note that U∨ is a representation as a special case of the
definition, with V the trivial representation)
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(3) In the context of §2.5, show that t∨U (g) = tU (g
−1). Conclude that if

in G, each element is conjugate to its inverse, then each representa-
tion is isomorphic to its dual (note that this holds for any Sn).

(4) Assume that k = C, the complex numbers, then t∨U (g) = ¯tU (g),
where x̄ is the complex conjugate of x. Conclude that if tU is real-
valued, then U is isomorphic to its dual (again, this is the case for
Sn) Hint: consider the eigenvalues of an element g acting on U , and
use the previous part.

(5) Generalize the previous part to an arbitrary field (notice that the
characters take values in an extension of the prime field by suffi-
ciently many roots of 1, and examine the Galois group to find a
replacement for complex conjugation)

(6) Recall that the representation X from the example can be realised
as the subspace {(x1, x2, x3) |x1 + x2 + x3 = 0} of the standard
representation V = k3. Show that X∨ can be identified with the
subspace of V ∨ consisting of functionals killing the constant vectors.
Find directly an isomorphism from X∨ to X in this realisation.

Example 3.3.5. We continue with Example 3.3.3 and its notation. Our goal
is to describe explicitly the isomorphism from 1⊕S⊕X to X⊗X. The last
exercise shows (in three different ways) that X is isomorphic to X∨, and that
X∨⊗X is isomorphic to Homk(X,X) = Endk(X), so we need to find injec-
tive maps from each of 1, S,X to Endk(X) (the images will be automatically
independent, since these are different irreducible representations).

A map from 1 corresponds to a fixed vector, i.e., to and endomorphism
of X as a representation. One such choice is the identity, 1 corresponds to
the scalar endomorphisms.

Likewise, the subspace corresponding to S is the set of endomorphisms T
satisfying T (gv) = gT (v) for for even g, but T (gv) = −gT (v) for transposi-
tions. To find such a T , write X = X1 ⊕X2, where X1 and X2 are the two
eigenspaces for the action of the even elements (explicitly, each is spanned
by a vector (1, α, α2), where α is a third root of 1). It is then clear that
each T with the same eigenspaces will commute with the even elements.
To satisfy the requirement for transpositions, T needs in addition to have
inverse eigenvalues (i.e., trace 0).

Finally, each of the spaces Xi maps to the space of endomorphisms T that
map X3−i to Xi, and Xi to 0 (i.e., to strict upper and strict lower triangular
matrices, in a basis of eigenvectors for even elements). □

3.4. Base change. Assume now that S is a ring over R, and that M is an
R-module. The R-ring structure on S makes it a right R-module, and we
may thus use Definition 3.1.1 to form the tensor product S⊗RM . The ring
structure on S exhibits each s ∈ S as an R◦-module map a 7→ sa, and so by
functoriality determines an S-module structure on S ⊗R M . The resulting
module, known as the base change (or extension of scalars) of M to S, is the base change

extension of scalars
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“most free” extension of M to a module over S. More precisely, it satisfies
the following property.

Proposition 3.4.1. Given an S module N , and an R-module homomor-
phism f : M −→ N , there is a unique S-module map f̃ : S ⊗R M −→ N such
that f̃(1⊗m) = f(m) for all m ∈M . In other words, S ⊗R M is universal
among maps from M to an S-module.

Exercise 3.4.2. (1) Prove Proposition 3.4.1
(2) Show that if M is given in terms of generators and relations over R,

then S ⊗R M is given by the same generators and relations over S.

As an example, we consider representations again. It may be easier to
understand representations of a group G in terms of representation of sub-
groups of H. Since a representation is just a module over the group algebra,
we may obtain a G-representation from an H-representation X via the base
change k[G]⊗k[H]X. This is called the induced representation from H to Ginduced representation

of the representation X, denoted IndG
H(X).

The defining property of the base change implies that there is a bijec-
tion from the set HomG(IndG

H(X), Y ) to the set HomH(X,Y ) for any G-
representation Y . In fact, this is clearly a k-linear isomorphism between the
two k-vector spaces. In particular, they have the same dimension. When Y
is an irreducible representation, this dimension is (by Schur’s Lemma and
semisimplicity) nothing but the coefficient of tY in the expansion of IndG

H(X)
in terms of irreducible representations. In other words, in the terminology
of Exercise 2.5.10, we proved:

Proposition 3.4.3 (Frobenius reciprocity theorem). If H is a subgroup of
a finite group G, then for any representation X of H and Y of G we have
〈IndG

H(X), Y 〉G = 〈X,Y 〉H (where 〈·, ·〉K is the bilinear map for the group
K, cf. Exercise 2.5.10)

Example 3.4.4. Let H be the subgroup of order 3 of S3. We had seen that
the irreducible representations of H are one-dimensional, of the form Vα
where α : H −→ µ3 is a group homomorphism to the group µ3 of 3-rd roots
of 1. Let Xα = IndS3

H Vα be the induced representation. Then we have for
an irreducible representation U of S3 (with the notations of Example 3.3.3)

〈Xα, U〉S3 = 〈Vα, U〉H =


1 α = 1, U = 1 or U = S

1 α 6= 1, U = X

0 otherwise

Hence, Xα = 1⊕ S if α = 1, and Xα = X if α is non-trivial. □

Exercise 3.4.5. Compute the representations of S3 induced from irreducible
representations of subgroups of order 2.
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3.5. Tensor products of rings. If S and T are rings, we may form S⊗T as
an S-module (or a T ◦-module). However, it also has a ring structure, given
by (s1 ⊗ t1) · (s2 ⊗ t2) = s1s2 ⊗ t1t2. The rings S and T each embed into
S ⊗ T , and their images commute. In fact, it is universal for this property:

Proposition 3.5.1. Given rings S, T and R, and ring homomorphisms
f : S −→ R and g : T −→ R such that f(s)g(t) = g(t)f(s) for all s ∈ S and
t ∈ T , there is a unique map of rings h : S ⊗ T −→ R with h(s ⊗ 1) = f(s)
and h(1⊗ t) = g(t) for all s ∈ S and t ∈ T . In particular, ⊗ is the coproduct
in the category of commutative rings.

Exercise 3.5.2. Prove the proposition

We would like define, in a similar way, a ring structure on S⊗RT , where S
and T are rings over R. However, this is in general ill defined: for example,
in R⊗R R we would have:

1⊗ r1r2 = r1 ⊗ r2 = (r1 ⊗ 1)(1⊗ r2) = (1⊗ r2)(r1 ⊗ 1) =

(r2⊗ 1)(r1 ⊗ 1) = r2r1 ⊗ 1 = 1⊗ r2r1 (3.1)
for any r1, r2 ∈ R, which is absurd if R not commutative. But if R

is commutative, and further lies in the centre of S and T (i.e., when S
and T are algebras over R), then S ⊗R T has a ring structure as before.
Furthermore, there is then a canonical R-algebra structure on S ⊗R T , and
we get:

Proposition 3.5.3. If S and T are algebras over a (commutative) ring R,
then so is S ⊗R T . The maps S −→ S ⊗R T and T −→ S ⊗R T are R-algebra
maps with commuting images, and S ⊗R T is universal with this property.

In particular, ⊗R is the coproduct in the category of commutative R-
algebras.

Again, the proof is left as an exercise.
We still did not describe the coproduct in the category of all rings (or R-

algebras). The description is straightforward but a bit messy: it is obtained
as a union of suitable quotients of the abelian groups (or R-modules) S⊗T
tensored with itself n times, as n goes to infinity (this is completely analogous
to the construction of the free product of monoids, which is the coproduct
in that category). End of lecture 10,

Apr 26
3.6. Field extensions. Lastly, we consider tensor products of finite field
extensions. Let K be a field, and let E be a fixed algebraically closed field
extending K. We recall the following definitions:

Definition 3.6.1. Let L be a finite extension of K of degree n. L is a
normal extension if all embeddings of L in E over K have the same image. normal extension

It is a separable extension if the number of such embeddings is n. It is a separable extension

Galois extension if it is both normal and separable. Galois extension
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It is easy to show that these notions do not depend on the chosen alge-
braically closed field E. We fix it E till the end of the section.

Let L be a fixed finite extension, and denote by X the set of embeddings
of L in E over K. Let G = Aut(L/K) be the group of automorphisms of L
over K. Then G acts of X by composition, without fixed points. If a, b ∈ X
have the same image, then a−1◦b is a well-defined element of G, which takes
a to b.

On the other hand, let A be any E-algebra. Any algebra map from A to
E can, of course, be regarded as an element of A∨, the vector space dual of
A over E. We need the following observation:
Lemma 3.6.2. Let A be a D-ring, where D is a division ring. Then any
collection of D-ring homomorphisms A −→ D is linearly independent as a
subset of A∨.
Proof. We first claim that for any two distinct D-ring maps f, g : A −→ D
there is a ∈ A with f(a) = 0 and g(a) = 1: since f and g are distinct, we
have b ∈ A with c := f(b) 6= g(b). Then f(b− c) = f(b)− f(c) = c− c = 0
and d := g(b− c) = g(b)− c 6= 0. So a = d−1(b− c) solves the problem.

Now assume that
∑k

i=0 fidi = 0 for some D-ring maps fi : A −→ D and
di ∈ D. For 1 ≤ i ≤ k, let ai ∈ A be such that f0(ai) = 1 and fi(ai) = 0,
and put a =

∏
ai. Then f0(a) = 1 and fi(a) = 0 for i > 0. Plugging this

into the linear dependence, we find d0 = 0. The same argument shows that
di = 0 for each i. □
Remark 3.6.3. If A was the ring of D-valued functions on some set S (with
D embedded in A as the constant functions), each point x of S determines a
D-ring map px : A −→ D, given by evaluation at x. The value of the function
a ∈ A at x is thus given by px(a).

Hence, we may view the set of all D-ring maps from a D-ring A to D as
the set of points of some space S, with A the algebra of D-valued functions
on it. If we give D the topology in which the finite subsets (and D itself)
are closed, the weak topology on S making all functions a ∈ A continuous is
called the Zariski topology. The last lemma then asserts that this topologyZariski topology

is T1 (points are closed).
Note that the set X of embeddings of L in E is precisely of this form. □
Combining the observations so far, we may reformulate the definitions as

follows:
Corollary 3.6.4. Let X be the set of embeddings of a finite field extension
L of K in E, and let G = Aut(L/K). Then:

(1) L/K is normal if and only if the action of G on X is simple and
transitive (this means that the combined map G×X −→ X×X given
by the projection and the action is an isomorphism)

(2) L/K is separable if and only if X forms a basis for (E ⊗K L)∨

We would like to reformulate this condition in a language that does not
mention E. If g ∈ G, together with the identity map we obtain from the
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coproduct condition a map of rings mg : L ⊗K L −→ L (given explicitly by
mg(x ⊗ y) = xg(y)). Combining these maps for all g ∈ G, we get a map
m : L⊗K L −→ LG (given by m(x)(g) = mg(x)).

Recall that a nilpotent element of a ring A is an element a ∈ A with nilpotent element

an = 0 for some n. A is a reduced ring if the only nilpotent element in it is reduced

0. We will need the following fact, which will be proved later.
Proposition 3.6.5. Let A be a finite-dimensional algebra over a field k.
Then A is semisimple if and only if it is reduced

We note that by Corollary 2.4.20, a reduced commutative finite-dimensional
k-algebra is a finite product of finite field extensions of k.
Proposition 3.6.6. Let L be a finite extension field of K. Then

(1) L/K is separable if and only if L⊗K L is reduced
(2) L/K is Galois if and only if the map m : L ⊗K L −→ LG is an

isomorphism
Proof. (1) Assume that L/K is separable. We may choose an embedding

of L in E and view L as a subfield. Then by Exercise 3.1.5, L⊗K L
is a subring of E⊗K L, so it suffices to show that E⊗K L is reduced.
If a is a nilpotent element of A = E ⊗K L, any ring homomorphism
from A to a field takes a to 0, so if there is a non-zero such a,
homomorphisms cannot form a basis of A∨.

In the other direction, if L⊗K L is reduced, then, by the remark
above, it is a finite product of finite extensions of L. Hence E ⊗K L
is a finite product of copies of E (since E is algebraically closed).

(2) Assume thatm is an isomorphism. The product LG is reduced, hence
so is L⊗K L, so by the previous part, L/K is separable. The set of
K-algebra maps from L⊗K L to E is identified with the set of pairs
of K-algebra maps from L to E (since L⊗K L is the coproduct), so
with X ×X. On the other side, LG = L⊗K KG, so K-maps from it
to E coincide with pairs (x, g) with x ∈ X and g ∈ G. Composition
with m thus determines a map from G×X to X×X, which is easily
seen to be given by the projection and the action of G on X. Since
m is an isomorphism, this map is a bijection. Thus L/K is also
normal.

In the other direction, since L/K is separable, we have that L⊗KL
is a finite product of finite field extensions of L. Each such finite
field extension can be embedded in E, so in particular determines
an embedding of L in E. Since L is normal, we get that they all
factor via an element of G. □

Let L be a Galois extension. We just saw that L ⊗K L is isomorphic to
L⊗KK

G. In other words, after base change to L, the K-algebras L and KG

become isomorphic. Obviously, they are not isomorphic, as algebras, before
the base change. However, the action of G on L makes it a representation
of G.
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Exercise 3.6.7. Show that if L ⊗K L is viewed as a base change of the
representation L, then m : L ⊗K L −→ LG becomes an isomorphism of
representations (where LG is the regular representation). Show that m is
not the base change of an isomorphism over K.

One may still ask if there is some isomorphism of L with the regular
representation over K. We will see the answer later.End of lecture 11,

Apr 27
4. The Jacobson radical

In §2 we achieved a reasonably good understanding of semisimple rings.
However, we had also seen that the class of such rings is rather small, and
beyond group algebras and endomorphism algebras we saw no examples.
Our current goal now is to pass to a larger class of rings, while maintaining
similar properties. This class is defined in terms of the Jacobson radical,
which makes the definition more elementary as well.

4.1. Definition and basic properties. Let M be a module over a ring
R. If M is semisimple, it is a direct sum of simple modules, and in particu-
lar, every non-zero element of M has a non-zero projection to some simple
module. In the language of the following definition, the radical of M is 0:

Definition 4.1.1. The Jacobson radical J(M) of a module M over a ringJacobson radical
J(M) R is the collection of all elements m ∈ M such that f(m) = 0 for all maps

f : M −→ N where N is a simple module. M is called Jacobson semisimpleJacobson semisimple

(JSS) if J(M) = 0.JSS

The Jacobson radical of R is its Jacobson radical as a module over itself.

Proposition 2.3.8 immediately provides the following more concrete de-
scription for rings:

Corollary 4.1.2. The Jacobson radical of a ring is the intersection of all
its maximal left ideals

The discussion preceding the definition shows that a semisimple module
is Jacobson semisimple. We will usually say “radical” in place of “Jacobson
radical”, but we cannot say “semisimple” in place of “Jacobson semisimple”:

Example 4.1.3. The ring Z is Jacobson semisimple: any non-zero element
is not divisible by some prime. We saw in Example 2.3.4 that it is not
semisimple □

Example 4.1.4. If R is a commutative algebra finitely generated over a field
k, then its Jacobson radical is the set of nilpotent elements in R. Indeed,
the collection of simple modules consists of fields extensions of k which are
finite (by Hilbert’s Nullstellensatz). Any nilpotent element goes to 0 in any
field, while if a ∈ R is not nilpotent, the localisation R[ 1a ] is again a non-zero
finitely generated k-algebra, and each of its simple modules is also a simple
module for R that does not contain a.
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Hence, such a commutative algebra is Jacobson semisimple if and only if
it is reduced. On the other hand, we had seen in Example 2.3.5 that k[x]
is not semisimple (and by Corollary 2.4.20, the same is true whenever R is
infinite dimensional as a vector space over k). □

End of lecture 12,
May 3 (There was
some discussion re
equivalence of cat-
egories, that I ne-
glected before Exer-
cise 2.4.8)

Example 4.1.5. Still in the commutative world, a local ring is Jacobson
semisimple if and only if it is a field (recall that a local ring is a ring with a
unique maximal ideal, which is therefore its Jacobson radical. For example,
k[[x]], the power-series ring) □

Example 4.1.6. If k is an algebraically closed field of characteristic p, and G
is a p-group, then the Jacobson radical of the group algebra R = k[G] is the
augmentation ideal, the kernel of the map ϵ : R −→ k sending each g ∈ G to augmentation ideal

1 ∈ k. Indeed, a simple module over R is the same as an irreducible repre-
sentation of G, and we saw in Proposition 2.5.12 that such a representation
must be trivial, i.e., R acts via ϵ. □

We now proceed with establishing some basic properties of Jacobson rad-
icals, parallel to §2.3 (but with less success):

Proposition 4.1.7. Let M be a module over a ring R
(1) If f : M −→ N is a homomorphism, f(J(M)) ⊆ J(N) (in other

words, J is a functor). In particular, a submodule of a Jacobson
semisimple module is itself semisimple.

(2) If Mα is a family of modules, J(⊕αMα) = ⊕αJ(Mα). Hence, the
direct sum of Jacobson semisimple modules is JSS.

(3) M/J(M) is JSS, and is universal among maps from M to a JSS
module.

(4) J(R) is a two-sided ideal, and R/J(R) is a JSS ring.
(5) J(R)M ⊆ J(M)

Proof. (1) Let a ∈ J(M) and let t : N −→ S be a map, where S is simple.
Then t ◦ f : M −→ S is a map from M to a simple module, hence
t(f(a)) = 0. Thus f(a) ∈ J(N).

(2) We have ⊕J(Mα) ⊆ J(⊕Mα) by the previous part. On the other
hand, again by the previous part we have J(

∏
Mα) ⊆

∏
J(Mα), and

this clearly restricts to direct sums.
(3) J(M) is precisely the kernel of the product all maps from M to

simple modules.
(4) We already mentioned that J(R) is an intersection of left ideals,

so is a left ideal. On the other hand, it is clearly preserved by all
endomorphisms, so it is a two-sided ideal by Corollary 2.4.4.

By definition, R and R/J(R) have the same simple modules.
Hence, if a ∈ R/J(R) maps to 0 in all simple modules over R/J(R),
its pre-image maps to 0 in all simple modules over R, so it belongs
to J(R).
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(5) It suffices to show that J(R)m ⊆ J(M) for all m ∈M . This follows
from (1), since J(R)m is the image of the map a 7→ am. □

Remark 4.1.8. Let us warn against some easily held misconceptions:
(1) In contrast with the semisimple case, a quotient of a JSS module need

not be JSS. For example, let R = k[x, y]/xy viewed as a module over
itself, and let N = R/x− y = k[x]/x2 (k a field). By Example 4.1.4,
R is JSS, but x ∈ N belongs to J(N).

(2) Again in contrast with the semisimple case, R JSS does not imply
that all R-modules are JSS (same example).

(3) If f : R −→ T is a map of rings, we may view T as an R-module, and
so we have two Jacobson radicals for T , one as a T -module and one
as an R-module. These need not be the same, does J(R) map into
J(T ). For example, if R is a non-trivial (commutative) local ring
(say, R = k[[x]]), and T its fraction field, then the unique simple
module is the residue field, and the unique map from T to it is 0, so
JR(R) is the maximal ideal, JR(T ) = T and JT (T ) = 0.

(4) For the same reason, R/J(R) is not a universal JSS ring over R.
□

Our next goal is to give a more concrete description of the radical. This
goes through a useful result called Nakayama’s Lemma:

Proposition 4.1.9 (Nakayama’s Lemma). Let R be a ring.
(1) Let M be a finitely generated module, and let I ⊆M be a submodule.

The following are equivalent
(a) I ⊆ J(M)
(b) If N ⊂M is a proper submodule, then so is N + I

(2) Let I ⊆ R be an ideal. The following are also equivalent
(a) I ⊆ J(R)
(b) If M is a finitely generated R-module, and N ⊂ M is a proper

submodule, then so is N + IM .
(c) Each element of 1 + I is invertible on both sides.

Proof. (1) (1a) =⇒ (1b): Assume N + I = M . Since M is finitely
generated, there is a finitely generated I0 ⊆ I with N + I0 =
M . Hence we may assume that I is finitely generated (it is
this assumption that we actually need). By induction, we may
assume that I is generated by one element a.
By Zorn’s lemma, we may assume N to be maximal among
submodules contradicting the claim. We claim that M/N is
simple. Otherwise, there is a proper submodule N ⊂ L ⊂ M ,
but since N +Ra =M , we cannot have a ∈ L, so L contradicts
maximality of N . This shows that M/N is simple, but the
image of a in it is non-zero, contradicting that a ∈ J(M).
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(1b) =⇒ (1a): Assume that a ∈ I does not belong to some proper
maximal submodule N . Then M = N + Ra ⊆ N + I, contra-
dicting the assumption (this direction does not use that M is
finitely generated).

(2) (2a) =⇒ (2b): Apply the previous part to the submodule IM ⊆
J(M)

(2b) =⇒ (2c): Fix a ∈ I, and let M = R and N = R(1 + a). Then
R = N+Ra ⊆ N+I, hence N = R. It follows that b(1+a) = 1
for some b ∈ R, so 1 + a has a left inverse. On the other hand,
b = 1 − ba and ba ∈ I, so applying the same statement to ba
in place of a, we find that b has both a right and a left inverse,
which must agree (exercise) and thus b is also the right inverse
of 1 + a.

(2c) =⇒ (2a): If N is a left ideal in R and N+I = R, then 1 = n+a
for n ∈ N and a ∈ I. Then n = 1 − a is invertible, so N = R.
Thus, by the previous part, I ⊆ J(R). □

End of lecture 13,
May 4It is often useful to view the direction (2a) =⇒ (2b) above as stating a

relation between a module over R and its reduction modulo I. Geometrically
(in the commutative case), R can be thought of as the ring of functions on
a neighbourhood X of the space X0 whose ring of functions is R/I, and the
result talks about extending from X0 to X. For example:

Corollary 4.1.10. If M is finitely generated over R, and the images of
m1, . . . ,mk ∈M in M̄ =M/J(R)M generate M̄ , then m1, . . . ,mk generate
M . In particular, if M̄ = 0 then M = 0.

Proof. Let N be the submodule generated by the mi, and apply Nakayama’s
Lemma. □

Example 4.1.11. The assumption that M is finitely generated is essential.
For example, if R is a non-trivial commutative local ring andM is its fraction
field, then M̄ = 0. □

Similarly, the third condition allows to related invertibility:

Corollary 4.1.12. An element x ∈ R is invertible if and only if x̄ ∈ R̄ =
R/J(R) is invertible

Proof. Assume that ȳx̄ = 1 for some y ∈ R. Then yx = 1 + a for some
a ∈ J(R). By Nakayama’s Lemma, 1 + a is invertible, so (1 + a)−1y is
an inverse of x. The proof for the right inverse is the same, and the other
direction is always true. □

The third condition can also be used to compute the radical: x ∈ J(R) if
and only if 1+ax is (two-sided) invertible. It also has the following surprising
corollary (compare with similarly surprising Corollary 2.4.21, which was
proved in a completely different way):
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Corollary 4.1.13. For any ring R,
J(R) = {x ∈ R | 1 + ax ∈ R∗ ∀a ∈ R} = {x ∈ R | 1 + xa ∈ R∗ ∀a ∈ R}

In particular, J(R) = J(R◦), and R is JSS if and only if R◦ is.

Proof. Assume that x ∈ J(R). Since J(R) is a two-sided ideal, ax, xa ∈
J(R) for all a ∈ R. Hence, by Nakayama’s Lemma, 1 + xa and 1 + ax are
invertible for all a ∈ R. Conversely, if 1 + ax ∈ R∗ for all a, then I = Rx is
contained in J(R), so in particular x ∈ R. By the first direction, it follows
that 1+xR ⊆ R∗. Applying this argument in R◦, we find that the condition
is symmetric. □
Remark 4.1.14. The last corollary also implies that the Jacobson radical
is definable in the language of rings (in the sense of first-order logic), and
therefore that the class of JSS rings is first-order axiomatizable (in contrast
with semisimple rings). □
4.2. Structure theory. We had now convinced ourselves that JSS rings
are easier to detect and to find than semisimple rings (which are a special
case). For semisimple rings, however, we had a detailed structure theory:
Each such ring is isomorphic to a finite product of semisimple primitive
rings, and any primitive ring is isomorphic to the endomorphism ring of a
finite dimensional vector space over a division ring. We now ask how much
of this structure is retained.

Let S be a simple R-module. If S is not faithful, there are some elements
r ∈ R such that rS = 0. The collection of all such elements forms a two-
sided ideal called the annihilator of S, ann(S). Then S is a faithful moduleannihilator

over R/ ann(S), which is still simple, so RS := R/ ann(S) is a primitive ring,
with faithful simple module S. The product of these maps gives a map from
R to a product of primitive rings. It turns out that the kernel is J(R):

Proposition 4.2.1. For any ring R, the Jacobson radical J(R) is the inter-
section of ann(S) over all simple R-modules S. In particular, R is JSS if and
only if it embeds to a product of primitive rings with surjective projections.

The example of R = Z shows that we cannot do better.
Proof. We already saw that J(R) is the intersection of all kernels of R-
modules maps R −→ S, with S a simple R-module, so to prove the statement,
it is enough to show that ann(S) is the intersection of all kernels of R-module
maps to S. If rS = 0 and f : R −→ S is a map, then f(r) = f(r1) = rf(1) =
0. Conversely, for any s ∈ S there is a map f : R −→ S with f(1) = s, so
rs = 0. □

Next, we would like to understand primitive rings. We had already noticed
(in Example 2.4.13) that for every division ring D and every D-module V ,
the ring EndD(V ) is primitive, with V a faithful simple module. We also
saw that in the semisimple case, these are the only ones. What happens in
the general case?
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Example 4.2.2. Let D be a division ring, let V be a D-module, and let
A ⊆ EndD(V ) be a sub-ring. Then V is a faithful A-module, and it is
simple if for any 0 6= u, v ∈ V there is a ∈ A such that au = v.

Assume now that D is a countable algebraically closed field, and that V
is a space with a countable basis B over D. For every finite subset B0 ⊂ B,
let E(B0) be the endomorphism ring of the subspace spanned by B0, viewed
as a (non-unital) subring of EndD(V ). Let E be the union of all E(B0), and
let R = D+E ⊆ EndD(V ) (where D is embedded as the centre). Note that
the product of two elements of E, or of an element of E with an element in
D is again in E. Thus R is a subring. It is easily seen to act transitively on
the non-zero elements of V , and so R is primitive.

We claim that R is not an endomorphism algebra. Indeed, any endomor-
phism of V over R must commute with all elements of EndD(V ), so must be
in D. Hence, we would have R = EndD(U) for some U . But R is countable,
so U must be finite dimensional, and that is clearly impossible. □

The ring R in the last example was not the whole EndD(V ), but in some
sense it was “large”. To explain this notion of largeness, we will make a
small digression on function space topology. End of lecture 14,

May 104.2.3. Topology on function spaces. For spaces X and Y , we would like to
produce a new space Y X which behaves like the space of functions from
X to Y , in the following sense: A (continuous) map u from a Z × X to
Y (where Z is a third space) can be thought of as a family of maps from
X to Y , parametrised by Z, and so should correspond to a (continuous)
map u∨ : Z −→ Y X . This should happen for every space Z uniformly: If
t : Z1 −→ Z is a map, the composed map u ◦ (t × 1) : Z1 × X −→ Y should
correspond to the composed map u∨ ◦ t. This property determines Y X

uniquely: it is the final object in a suitable category (this is an exercise, but
will be elaborated below).

If h : X1 −→ X and g : Y −→ Y1 are maps of spaces, then we have
induced maps h × 1 : X1 × Y X −→ X × Y X ev−→ Y corresponding to a
map (◦h) : Y X −→ Y X1 and similarly (g◦) : Y X −→ Y1

X . In other words,
(X,Y ) 7→ Y X is a functor of Y , and a contravariant functor of X.

Applying the defining property in the case Z = ∗ (one point space),
we find that the points (maps from ∗ to Y X) are continuous maps from
X = ∗ ×X to Y . This describes Y X as a set, so to obtain it as a space, we
need to define a topology. Further, applying the definition to the identity
map on Y X , we obtain a map ev : Y X × X −→ Y , with the property that
the map u∨ 7→ u is determined by: u = ev ◦(u∨ × 1). In particular, if
Z = ∗, we have for each x ∈ X, u(x) = ev(u, x), so ev is the evaluation map.
Likewise, the identity map X×Y −→ X×Y corresponds to a continuous map
ce : X −→ (X × Y )Y , which is easily seen to be given by x 7→ (y 7→ (x, y)).
Again we have the relation u∨ = (u◦) ◦ ce, where (u◦) is as in the previous
paragraph. The fact that these maps are inverse comes from the fact that
the compositions ev ◦(1× ce) and (ev ◦) ◦ ce are the identity.
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Thus, our goal is to determine a topology on the set Y X of continuous
maps from X to Y , such that ev : Y X×X −→ Y and ce : X −→ (X×Y )Y and
the composition maps are continuous. To see what this topology might be,
consider a point x ∈ X. The resulting composition Y X −→ Y ∗ = Y should
be continuous, so if U ⊆ Y is open, the inverse image {f ∈ Y X | f(x) ∈ U}
should be open as well.

More generally, still assuming that the topology on Y X was defined, let
K ⊆ X be compact, and let U ⊆ Y be open. If f : X −→ Y is continuous, and
f(K) ⊆ U , then K ×{f} is contained in the open set V = ev−1(U). Hence,
for every x ∈ K there is an open neighbourhood Vx×Wx of (x, f) ∈ K×Y X

inside V . Since K is compact, it is contained in a finite union Vx1∪· · ·∪Vxm .
W = Wx1 ∩ · · · ∩Wxm is an open neighbourhood of f in Y X such that for
all g ∈W , g(K) ⊆ U .

In other words, for every compact K ⊆ X and open U ⊆ Y , the sub-
set W (K,U) = {f ∈ Y X | f(K) ⊆ U} is open. Note that if g : Y −→ Y1
and h : X1 −→ X are continuous, U1 ⊆ Y1 is open, and K1 ⊆ X1 is com-
pact, then (g◦)−1(W (K,U1)) = W (K, g−1(U1)), and (◦h)−1(W (K1, U)) =
W (h(K1), U). Hence, we may try to put on Y X the topology generated by
such sets. This is called the compact-open topology (or the uniform conver-compact-open topol-

ogy gence topology), and it does work for large classes of spaces (for example,
uniform convergence
topology the compactly generated ones, after some modifications).

Let us spell out what is the meaning of density in the compact-open
topology: A set B of continuous functions from X to Y is dense if for
any continuous function f : X −→ Y , compact K ⊆ X and open U ⊆ Y
containing f(K), there is g ∈ B with g(K) ⊆ U . In particular, for discrete
Y , we should have, for each compact K ⊆ X, a function g ∈ B that agrees
with f on K. And if X is discrete as well, then “compact” means “finite”.

4.2.4. The density theorem. We are now ready to state (and prove) Jacob-
son’s density theorem. It is actually more convenient to prove a more general
statement.

Theorem 4.2.5. Let V be a faithful semisimple module over a ring R, and
let D = EndR(V ). Then R is a dense subring of EndD(V ).

Proof. We need to show that if v1, . . . , vk ∈ V and T is an endomorphism
of V over D, then there is r ∈ R with rvi = T (vi) for all i.

We first deal with the case k = 1. By semisimplicity, we may write
V = Rv1 ⊕M for some submodule M . Since this is a direct sum as R-
modules, the projection maps are R-module maps, i.e., they are in D. Hence
T respects this decomposition, and in particular T (Rv1) ⊆ Rv1. Hence,
Tv1 = rv1 for some r ∈ R.

For the general case, apply the case k = 1 to the semisimple module V k

and the endomorphism T in each coordinate. □
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Corollary 4.2.6 (Jacobson’s density theorem). Any primitive ring is iso-
morphic to a dense subring of EndD(V ) for a division ring D and a vector
space V over it.

More explicitly, for any linearly independent v1, . . . , vk ∈ V and any ui ∈
V there is r ∈ R with rvi = ui. In other words, R acts transitively on finite
independent tuples.

Proof. This is just the special case of the theorem, with V a simple faithful
module over R. D is a division ring in this case, by Schur’s Lemma □

Corollary 4.2.7. Assume that R is primitive. Then either it is isomorphic
to Mn(D) for some division ring D, or for each n there is a subring Rn ⊆ R
and a surjective map from Rn to Mn(D).

Of course, R is semisimple if and only if the first case occurs.

Proof. Let V and D be as above. For subspace U ⊆ V , let RU = {r ∈
R | rU ⊆ U}. Then RU is a subring, and restriction defines a ring homo-
morphism R −→ RU . If U is finite dimensional, the density theorem assures
that this map is surjective. □

Remark 4.2.8. This corollary recovers Theorem 2.4.16, this time with the
natural action on V (cf. Remark 2.4.18). □

Corollary 4.2.9. Any JSS ring is isomorphic to a subring of a direct product
of endomorphism rings, with dense projections.

End of lecture 15,
May 11As an example application, we prove the following (slightly contrived) re-

sult (from [Her68], where more interesting results of this kind can be found):

Proposition 4.2.10. If R is a ring satisfying x3 = x for all commutators
x, then R is commutative.

Proof. We proceed by increasingly more general classes of rings. First, as-
sume that R is a division ring. If x = ab − ba is a non-zero commutator,
we have x3 = x, hence x2 = 1, so x is 1 or −1, and in particular is cen-
tral. Applying the equation to the commutator of a and ab, we find that
a(ab)− (ab)a = ax is in the centre as well, and since x is invertible, so is a.
Hence, x = 0.

Next, we note that if V is a vector space of dimension 2 over a division
ring D, then EndD(V ) does not satisfy the assumption: we had seen (in
Lemma 2.5.7) that an order 2 element in such a ring is a commutator.

Now assume that R is JSS. Then by Corollary 4.2.9, R embeds in some
product

∏
Rα, where each Rα is an endomorphism ring, and R has dense

image. If some Rα is not commutative, then R has a subring R0 whose image
is the endomorphism ring of a two-dimensional space. But the assumptions
of the statement are preserved under both subrings and quotient, so we
contradict the previous case.
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Finally, let R be any ring. Then, the image of any x as in the assumption
is 0 in R/J(R), so x ∈ J(R). But then both 1 + x and 1− x are invertible,
and we have 0 = x3 − x = x(x− 1)(x+ 1), so x = 0. □

4.3. Chain conditions. The next question we would like to answer is:
which JSS rings are actually semisimple? The preceding examples suggest
that the semisimple rings should be the JSS rings that are finite-dimensional
in some sense. This turns out to be true, but the precise meaning of “finite-
dimensional” should be clarified. As usual, it is most fruitful to work with
general modules.

Definition 4.3.1. A module M is Artinian if there is no infinite descendingArtinian

chain of submodules M =M0 ⊃M1 ⊃ . . ..
A module M is Noetherian if there is no infinite ascending chain of sub-Noetherian

modules 0 =M0 ⊂M1 ⊂ · · · ⊂M .
M has finite length if the length of any chain of proper inclusions 0 ⊂finite length

M1 ⊂ · · · ⊂ M is bounded by a natural number (the least such number is
then the length of M)length of M

The ring R is Artinian or Noetherian or finite length, if it is such as a
module over itself.

Example 4.3.2. If k is a field, the polynomial algebra R = k[x] is Noetherian:
any submodule (i.e., ideal) can be generated by a polynomial, and Rp(x) ⊆
Rq(x) precisely if q divides p. Thus, the length of an increasing chain of
ideals starting with Rp(x) is bounded by the degree of p. It is not Artinian:
the ideals generated by xn, as n ranges over natural numbers, form an infinite
descending sequence. Similarly, Z is Noetherian but not Artinian.

Geometrically, an ascending chain of ideals in an algebra of functions
k[X] corresponds to a descending chain of Zariski closed subsets of X, so
the Noetherian condition corresponds to finite dimensionality. For example,
k[x] is the ring of functions on the affine line, and a proper ideal Rp(x)
corresponds to a finite set of points (with multiplicities), so a descending
sequence must stabilise. The Artinian condition corresponds to ascending
chains of closed subsets, so to satisfy it, X should be 0-dimensional (and
then, the length of a chain is roughly the number of points). □

Example 4.3.3. To obtain a module that is Artinian but not Noetherian, note
that if R is a k-algebra, and M is a module over it, then M is a vector space
over k, and the k-dual M∨ is a module over R◦, with (rφ)(m) = φ(rm). If
N ⊆ M is a submodule, then N⊥ = {φ ∈ M∨ |φ(N) = 0} ⊆ M∨ is also
a submodule, and if N1 ⊂ N2 then N2

⊥ ⊂ N1
⊥. In particular, if M is not

Artinian, then M∨ is not Noetherian.
Taking M = R = k[x], we find a non-Noetherian module M∨. This

module is “too large” to be Artinian: for example, if A ⊆ k is any subset,
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the subspace

NA = {φ ∈M∨ | (
m∏
i

(x− ai))φ = 0 some ai ∈ A}

of elements whose support lies in A is a submodule, and NA ⊂ NB if A ⊂
B. However, if we restrict to the submodule N0 = {φ ∈ M∨ |xmφ =
0} of elements supported at 0, the same argument shows that N0 is not
Noetherian, and it is now Artinian: the submodules are all of the form
(k[x]/xm)∨ for some m. □
Proposition 4.3.4. Let R be a ring

(1) If N ⊆ M are modules, then M is Artinian or Noetherian if and
only if N and M/N are.

(2) If R is a k-algebra, where k is a field, and M is an R-module that
is finite-dimensional over k, then R has finite length.

(3) M is Noetherian (Artinian) if and only if every non-empty collection
of submodules of M has a maximal (minimal) element.

(4) A module M has finite length if and only if it is both Noetherian and
Artinian.

(5) M is Noetherian if and only if every submodule is finitely generated.
(6) R is Noetherian or Artinian or has finite length if and only if each

finitely generated module is the same
Proof. (1) An infinite chain of either kind in N is also such in M , and

an infinite chain in M/N can be lifted to the same in M .
In the other direction, given an infinite chain Mα in M (of either

kind), consider the sequence Mα ∩N in N . If it stabilises, we may
assume that all Mα∩N are equal to one module N0 that is contained
in all Mα. Then Mα/N =Mα/N0 is a non-trivial sequence.

(2) Any infinite chain is also an infinite chain of k-vector spaces
(3) This is a statement about posets that follows directly from Zorn’s

Lemma.
(4) Assume M is Artinian, and let M0 = 0. For each i ∈ N, if Mi 6=M ,

let Mi+1 be a minimal element among modules strictly containing
M . If M is also Noetherian, this process has to stop at a finite stage.
Now, if Ni is any chain of strict inclusions, the map that sends Ni to
the least Mj containing it is injective (by construction of Mi), so its
length is at most the number of Mi. The other direction is trivial.

(5) Assume M is Noetherian. Define M0 = 0 and Mi+1 the module
generated by Mi and some element mi not in Mi. This chain must
stop, so the mi generate M . Since a submodule of a Noetherian
module is Noetherian, this direction is done.

In the other direction, let Mi be an ascending chain, and let N
be its union. By assumption, it is generated by a finite number of
elements, hence is equal to a finite subunion. Therefore, the chain
stabilises.
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(6) If M is finitely generated, it a quotient of a finite direct sum of
copies of R, so the result follows from the previous parts. The other
direction is trivial. □

Corollary 4.3.5. A ring is semisimple if and only if it is Artinian and JSS
Proof. If R is semisimple, it is a finite sum of simple modules, hence has
finite length, so is Artinian, and we already saw it is JSS.

Assume that R is Artinian and JSS. Then finitely many maximal ideals
have 0 intersection, so R embeds in a finite direct sum of simple modules. □

Thus, the difference between JSS and semisimple is the Artinian condi-
tion. We now drop the JSS assumption and ask: What can be deduced
about the Jacobson radical if we assume that the ring is Artinian?

Recall that an element a of R is nilpotent if an = 0 for some n. An ideal
I ⊆ R is a nilpotent ideal if In = 0 for some n. It is clear that each elementnilpotent ideal

of a nilpotent ideal is nilpotent, but the converse may fail, for two different
reasons: First, it might happen that the n required for different elements
grows uboundedly, and second, the product of two nilpotent elements need
not be nilpotent. Indeed, even an ideal generated by one nilpotent element
may contain elements that are not nilpotent (the second problem does not
occur if R is commutative, and then the first does not occur either if R
is Noetherian, so for such rings, an ideal is nilpotent if and only if all its
elements are).

An ideal consisting entirely of nilpotent elements is called a nil ideal. Itnil ideal

is easy to check that such an ideal I is contained in the radical: if x ∈ I,
the standard formal power series representing 1

1+x is, in fact, a polynomial
in x. For Artinian rings, the converse of all these statements is true:
Proposition 4.3.6. If R is Artinian, then J(R) is nilpotent, and an ideal
is nilpotent if and only if it is nil, if and only if it is contained in J(R).
Proof. Let J = J(R). The descending sequence Jk stabilises, so assume
that Jk = Jk+1. In particular, the collection of non-zero ideals I such that
I = JI is non-empty. Let I be a minimal such ideal. Since I 6= 0, there is
some 0 6= x ∈ JkI = I. Then Jkx is a subideal of I satisfying the defining
condition, and thus I is generated by x. In particular, I is finitely generated,
so by Nakayama’s Lemma, JI = I implies I = 0.

For the second statement, we mentioned above that if I is nil then I ⊆ J ,
and if I ⊆ J then it is nilpotent by the first part. □

We may now return a debt:
Proof of Prop. 3.6.5. A is finite dimensional, hence Artinian, so semisimple
is equivalent to JSS, and we just saw that J(A) is the set of nilpotents. □

The proposition suggests the following definition:
Definition 4.3.7. A ring R is semiprimary if J(R) is nilpotent, and R̄ =semiprimary

R/J(R) is Artinian.
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The interest in such rings comes from the following result:

Proposition 4.3.8. Suppose that R is semiprimary, and that C is a class of
modules over R that contains all simple modules, and is closed under exact
sequences. Then C contains all Artinian modules.

“Closed under exact sequences” means that for N ⊆M , M is in C if and
only if N and M/N are.

Proof. Let J be the radical of R. By assumption, Jk = 0 for some k, so
for every module M over R, there is a minimal m such that JmM = 0. Do
induction on m. For the base, assume that JM = 0. Then M is actually a
module over R/J which, by assumption, is Artinian, and thus semisimple.
Since M is Artinian, it is a finite direct sum of simple modules, so is in C.

For m > 1, JM ⊆M and M/JM are Artinian with lower value of m, so
are in C by induction. Hence, so is M □

We hadn’t seen examples of Artinian rings which are not Noetherian. The
reason is:

Corollary 4.3.9 (Akizuki–Levitzki–Hopkins). Any Artinian module over a
semiprimary (in particular, Artinian) ring is Noetherian. In particular, an
Artinian ring is Noetherian.

Proof. Apply Proposition 4.3.8 to the class of Noetherian modules (which
satisfies the assumptions by Proposition 4.3.4). □

End of lecture 16,
May 17

5. Categories of modules

A general reference for this topic is [Bas68, Ch. 1, 2]

5.1. Functors between module categories. Let t : R −→ S be a map of
rings. This map determines, as we saw in §3.4, a functor t∗ : R −Mod −→
S −Mod, given by tensoring with S over R (i.e., base change to S). Of
course, this is not the only possible functor between these categories, and
we may ask: Given an abstract functor F : R −Mod −→ S −Mod, can we
recognise, from categorical considerations, that it is, in fact, t∗?

More generally, if N is a module over R◦, we have a functor FN on R −
Mod given on objects by M 7→ N⊗RM . In general, it lands in Ab, but if N
also has a structure of an S-module, which commutes with the R-structure
(i.e., (sn)r = s(nr) for all r ∈ R, s ∈ S and n ∈ N) then we obtain a functor
from R −Mod to S −Mod. Such an N is called an S − R bi-module, and S − R bi-module

the structure is equivalent to the structure of a module over S ⊗R◦. Again
we may ask:

Question 5.1.1. Which functors F : R −Mod −→ S −Mod are of the form
FN = N ⊗− for some module N over S ⊗R◦? □
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5.1.2. Categories of functors. To answer this question, we first need to ex-
plain more precisely what do we mean by “of the form”. Consider, for
example, the case R = Z, so that R − Mod = Ab. For each prime p,
there is a functor that sends an abelian group A to the quotient A/pA.
Since the resulting group is actually an Fp vector-space, we have a canonical
map Fp ⊗ A −→ A/pA, and it is easy to check that this is an isomorphism.
The fact that the isomorphism is canonical means that if f : A −→ B is
a homomorphism, the isomorphism is compatible with the induced maps
A/pA −→ B/pB and Fp ⊗ A −→ Fp ⊗ B. Thus, despite literally being dif-
ferent, the functor A 7→ A/pA is “essentially” base change to Fp. This
is captured more precisely by saying that the functors are isomorphic, as
objects in the category of functors:
Definition 5.1.3. Let F,G : C −→ D be functors between categories C and
D. A natural transformation α from F to G consists of a collection of mapsnatural transformation

αA : F(A) −→ G(A) for each object A of C, such that

F(A) F(B)

G(A) G(B)

F(t)

αA αB

G(t)
(5.1)

commutes for all morphisms t : A −→ B in C.
The category whose objects are functors from C to D, and whose mor-

phisms are natural transformations is called the category of functors betweencategory of functors

C and D, denoted Funct(C,D).Funct(C,D)

We had already seen some examples of natural transformations:
Exercise 5.1.4. Let F and G be the functors from Set to Gp constructing the
free and free abelian groups out of a set, respectively. Find an interesting
natural map from F to G.
Exercise 5.1.5. Find an interesting natural map from the identity functor
on the category k−Mod of k-vector spaces (k a field), to the functor X 7→
X∨∨. Show that when restricted to finite-dimensional spaces, this map is
an isomorphism of functors.
Exercise 5.1.6. Show that a natural map α is an isomorphism if and only if
each component αA is an isomorphism
Exercise 5.1.7. Recall that if we view a monoid G as a category with one
object, then a functor into Set is simply a G-set. Show that a map between
such functors is, likewise, the same as a map of G-sets.

At this point, it is also convenient to define the notion of an equivalence of
categories. As in any situation where the notion of a morphism is defined, weequivalence of cate-

gories can define an isomorphism of categories to be a functor which is invertible.
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Though this makes sense, this is not very useful, since it is too rigid. For
example, we have seen in Exercise 2.4.8 that the category of modules over
R×S is essentially the same as the category of pairs (M,N) of an R-module
M and an S-module N . However, the categories are not actually isomorphic.
Instead, the composition of the functors in both directions are isomorphic
to the identity. This leads to the following definition:

Definition 5.1.8. Let C and D be two categories. An equivalence between
C and D is a pair of functors F : C −→ D and G : D −→ C, along with natural
isomorphisms from G◦F and from F◦G to the appropriate identity functors.
C and D are equivalent categories if there is an equivalence between them equivalent categories

Often one refers just to either of the functors F or G as the equivalence.

Example 5.1.9. The construction in Exercise 2.4.8 determines an equiva-
lence (the requirement that the maps α and β are natural is omitted in the
exercise, but should hold for any reasonable solution of the exercise) □
Example 5.1.10. The assignment V 7→ V ∨ determines an equivalence from
the category of finite dimensional vector spaces (over a fixed field) and its
opposite. An inverse (up to isomorphism) is given by the same functor,
viewed on the opposite categories. Note that again, the composition is not
literally the identity (a vector space V is not equal to V ∨∨). □
Example 5.1.11. Exercise 5.1.7 can be summarised as saying that there is
an equivalence between the category of G-sets, and the category of functors
from G to Set. □

Often, one direction of the equivalence is easier to define than the other.
In such cases, it is useful to have the following fact:

Fact 5.1.12. Let F : C −→ D be a functor, and assume:
(1) The map h 7→ F(h) from MorC(x, y) to MorD(F(x),F(y)) is a bijec-

tion for all objects x, y of C (F is fully faithful) fully faithful

(2) For every object d of D there is an object c of C such that F(c) is
isomorphic to d (F is essentially surjective) essentially surjective

Then F is an equivalence of categories.

Example 5.1.13. Let k be a field, and let C be the category whose objects
are the natural numbers, for i, j ∈ N the morphisms are i× j matrices over
k, and composition is given by matrix multiplication. Then C is equivalent
to the category Veck of finite dimensional vector spaces over k. The functor
that attaches to i ∈ N the space ki, and to each matrix the linear map it
represents, satisfies the conditions of the fact. Note that the categories are
not isomorphic: C has countably many objects, while in Veck the collection
of objects is a proper class. □

Let R and S be fixed non-zero rings. We now have the language to state
precisely our problem:
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Question 5.1.14. Which functors F : R −Mod −→ S −Mod are isomorphic
to the functor FN = N ⊗− for some module N over S ⊗R◦? □

We first note that not all functors are of this form:

Example 5.1.15. Let F : R − Mod −→ S − Mod be the constant functor
M 7→ S (all maps go to the identity). The there is no module N over
S ⊗ R◦ with F isomorphic to FN . Otherwise, we would have isomorphisms
0 = N ⊗R 0 = FN (0) = F(0) = S. □

Example 5.1.16. Assume R = S = Z, let n > 1 be a natural number, and let
F : Ab −→ Ab be the functor that assigns to A the kernel of multiplication by
n. If F = FN for some abelian group N , then we have 0 = F(Z) = FN (Z) =
N ⊗ Z = N , but Z/nZ = F(Z/nZ) = FN (Z/nZ) = N/nN . □

The last example can be reformulated as follows: we have an abelian
group A and a subgroup B, where F(A/B) is not a quotient of F(A), while
we have:

Exercise 5.1.17. Show that if L is a submodule of M , then N ⊗RM/N ⊗RL
is canonically isomorphic to N ⊗R (M/L) (note that N ⊗R L need not be a
submodule of N ⊗R M , but there is a map)

The upshot of these examples is that there are certain categorical con-
structions that the functor N ⊗ − preserves, and should therefore be pre-
served by any functor isomorphic to it. We next study these constructions.

5.1.18. Limits. Suppose that A and B are subsets of a set X. Is there a
categorical description of their intersection? The fact that A and B are
subsets of X can be described by a “diagram” of morphisms

B

A X
(5.2)

The intersection can be placed in the upper-left corner of the diagram: it
has maps to both A and B, which agree when composed with the maps
into X. Furthermore, it is universal with this property: any map to X that
factors through both A and B, is in fact a map into A ∩B. Thus, A ∩B is
a universal completion of this diagram.

We would like to consider other universal completions of diagrams. Intu-
itively, such a diagram is given by some objects and arrows between them.
Thus, a diagram in C is simply a functor from a fixed category I int C. I is
often called (and thought of as) the index category, and the diagram itselfindex category

is said to be of type I.
For instance, in the example above, I is a category with 3 objects, a, b, x,

and two morphisms, from a to x and from b to x (in addition to the identity
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morphisms). The diagram above is represented by the functor sending a to
A, b to B and x to X. To express the universal property, we consider the
category of “cones” over the diagrams:

Definition 5.1.19. Let F : I −→ C be a diagram. The slice category for slice category

F, C/F, is the category whose objects consist of an object X of C, and for C/F

each object i of I, a morphism pi : X −→ F(i), such that for each morphism
u : i −→ j we have F(u) ◦ pi = pj . A morphism from (X, p) to (Y, q) in C/F
is a morphism t : X −→ Y in C, such that qi ◦ t = pi for all objects i in I.

The limit (or inverse limit) of the diagram F, denoted lim←−I F is a final limit
inverse limit
lim←−I

F
object in C/F.

The colimit (or direct limit) is the dual notion: it is the limit in C◦ of F,
colimit
direct limitviewed as a functor from I◦ to C◦.

Of course, as with any universal object, the limit need not exist, but if it
exists, it is unique. As before, we will often view the limit as an object of C
(forgetting the morphisms pi).

Example 5.1.20. The limit of the empty diagram is the terminal object □
Example 5.1.21. Let I be the set {0, 1}, viewed as a category (i.e., the
objects are 0 and 1, and the only morphisms are identities). A diagram
then consists of two objects, and the limit is their product (if exists). □
Example 5.1.22. Let I be the category with objects 0, 1 and two morphisms
from 0 to 1. A diagram then consists of two objects A,B and two morphisms
f, g from A to B. The limit is then a map h : K −→ A universal with the
property that f ◦h = g ◦h. It is called the equaliser of f and g. The colimit equaliser

of the same diagram is called the coequaliser of f and g. □ coequaliser

Example 5.1.23. Let I be the category with objects 0, 1, 2, and morphisms
1 −→ 0 and 2 −→ 0. A diagram is then a configuration as in (5.2) (but the
morphisms need not be inclusions). The limit of such a diagram is then
an object in the upper left corner, which maps to A and to B, so that the
two composed maps into X are the same, and which is universal among
such. It is called the fibred product of A and B over X (though it of course fibred product

depends on the morphisms, as well as on the objects), denoted A×X B (it is A×X B

also called the pullback). The dual notion of the colimit of two objects over pullback

another is called the fibred coproduct or pushout, denoted A
⨿

X B. □ fibred coproduct
pushout
A

⨿
X BExercise 5.1.24. Show that equalisers, coequalisers, fibred product and fibred

coproducts all exist in the category Set of sets, and describe them explicitly.

When working with general categories, a colimit is simply a limit in the
opposite category, so we mostly concentrate on limits below.

Exercise 5.1.25. Show that the following are equivalent for a category C:
(1) All (finite) products and all equalisers exist
(2) There is a terminal object, and all fibred product exist
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Exercise 5.1.26. Let G be a group, and X a G-set. Viewing X as a functor
from G (i.e., a G-shaped diagram), What are the limit and colimit?

Exercise 5.1.27. Show that if I has an initial object i, then for any diagram
F : I −→ C, the limit exists and is equal to F(i).

Exercise 5.1.28. There are at least two additional ways to describe the limit:
(1) Let I∗ be the category I along with an additional object ∗, which has

a unique morphism to each object. Any diagram of type I∗ restricts
to a diagram of type I. Let F be a diagram of type I. Then C/F is
equivalent to the category of diagrams of type I∗ that restrict to F,
and morphisms that restrict to the identity.

(2) For any object X of C, there is a constant diagram FX : I −→ C, that
attaches X to each object, and the identity to each morphism. Then
C/F is equivalent to the category of maps FX −→ F and morphisms
between them.

What limits exist in the category of modules?

Proposition 5.1.29. For every ring R, the category R−Mod has all limits
and colimits.

Proof. We first recall that we had already noted that the products and
coproducts of an arbitrary set of modules exists, and is given by the direct
product and direct sum, respectively.

Given F : I −→ R−Mod, let

M = {(mi) ∈
∏

i∈Ob(I)
F(i) |F(u)(mi) = mj ∀u ∈MorI(i, j)}

and let

N = ⊕i∈Ob(I)F(i)/〈{mj − F(u)(mi) |mi ∈ F(i),mj ∈ F(j), u ∈MorI(i, j)}〉

Then M = lim←−F and N = lim−→F (exercise) □

Remark 5.1.30. The expression 〈{mj − F(u)(mi) |mi ∈ F(i),mj ∈ F(j), u ∈
MorI(i, j)}〉 that occurs in the proof can be viewed either as “the submodule
generated by” or “the subgroup generated by”. In other words, the subgroup
is automatically a submodule (exercise) □

In the construction of the limit above, we really used just products and
equalisers. This is not special to modules: one can use essentially the same
construction to prove the following fact (a limit is finite if the index category
has finitely many morphisms):

Proposition 5.1.31. A category C admits all (finite) limits if and only if
it admits all (finite) products and all equalisers.

Exercise 5.1.32. Prove the proposition
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5.1.33. Preservation of limits. Assume now that limits exist in categories
C and D. What happens when we apply a functor to a limit? First, if
G : C −→ D is a functor, and F : I −→ C is a diagram, we obtain a diagram
G◦F in D. If X is the limit of F in C, we have a structure map pi : X −→ F(i)
for each i ∈ I, and therefore maps G(pi) : G(X) −→ G(F(i)), so by the
universal property, we have a morphism G(X) = G(lim←−F) −→ lim←−G ◦ F.

Definition 5.1.34. Assume C and D have limits. A functor G : C −→ D
preserves limits of type I if for any diagram F : I −→ C, the canonical map preserves limits of type

IG(lim←−F) −→ lim←−G ◦ F is an isomorphism. It preserves (finite) limits if it
preserves (finite) lim-
itspreserves limits of type I for all (finite) I.

Example 5.1.35. Let f : R −→ S be a map of rings. We have a functor
f∗ : S −Mod −→ R−Mod, obtained by making an S module an R-module
via f . This functor preserves all limits and colimits (by construction) □
Example 5.1.36. The functor that constructs a vector space from a set pre-
serves all colimits, but not limits □

An argument similar to that of Proposition 5.1.31 shows:

Proposition 5.1.37. A functor F : C −→ D preserves all (finite) limits if
and only if it preserves all (finite) products and all equalisers.

Exercise 5.1.38. Prove it

Remark 5.1.39. In the category of modules, the set of morphisms between
two objects is actually an abelian group. In particular, there is a 0-morphism
between any two objects. The equaliser and coequaliser of a map f with the
0 map is, respectively, the kernel and cokernel (quotient map). Since com-
position with a fixed morphism is a group homomorphism, the (co)equaliser
of two maps f and g is the same as the (co)kernel of f − g. Thus, arbitrary
(co)limits can be constructed from (co)products and (co)kernels.

Likewise, if a functor respects the additive structure (i.e., the maps on
Hom sets is a group homomorphism), then preservation of (co)equalisers is
equivalent to preservation of (co)kernels. □

We now come to the result that motivated the discussion:

Proposition 5.1.40. Let N be an S ⊗R◦-module for some rings R and S.
Then the functor R −Mod −→ S −Mod given by M 7→ N ⊗R M preserves
all colimits.

Before giving the proof, we make the following key observation:

Exercise 5.1.41. Let N,M and A be abelian groups, and let Hom(M,A) be
the abelian group of homomorphisms from M to A. Given a homomorphism
t : N −→ Hom(M,A), the map (n,m) 7→ t(n)(m) is bilinear, and therefore
determines a homomorphism t′ : N ⊗M −→ A.

(1) Show that t 7→ t′ is an isomorphism
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(2) Assume that M and N are right and left R-modules, respectively.
Since M ⊗ N maps surjectively to M ⊗R N , the homomorphisms
M ⊗R N −→ A can be viewed as a subgroup of Hom(M ⊗ N,A).
On the other hand, Hom(M,A) admits a (left) R-module structure,
given by the right structure on M . Show that Hom(M ⊗R N,A)
corresponds to R-module homomorphisms N −→ Hom(M,A).

(3) If M , in addition, has an S-module structure that commutes with
the R◦-module structure, the S-module maps from M ⊗R N to an
S-module A correspond to R-module maps from N to HomS(M,A)
(the subgroup of Hom(M,A) consisting of S-module homomorphisms).
What happens if the module structures on M do not commute?

(4) In each case, both sides of the correspondence are functorial in each
argument (when the other two are fixed). Show that the correspon-
dence forms a natural isomorphism of functors

Proof of Prop. 5.1.40. By Example 5.1.35, we may ignore the S-structure,
and view N ⊗R − as a functor into Ab.

Let F be a diagram of R-modules. Our task is to show that the map
t : lim−→N ⊗R F −→ N ⊗R lim−→F is an isomorphism, i.e., we would like to
construct an inverse s.

According to the exercise preceding the proof, to define the map s, we map
equivalently define an R-module map s′ : lim−→F −→ Hom(N, lim−→N⊗RF). But
defining such a map is equivalent, by the definition of the colimit, to defining
a collection of maps F(i) −→ Hom(N, lim−→N ⊗R F) for each i (satisfying some
compatibilities). This, in turn, is again equivalent to providing a collection
of maps N ⊗ F(i) −→ lim−→N ⊗R F, which we have by the definition of the
colimit.

This constructs the map in the opposite direction. The verification that
it is the inverse is left as an exercise. □
Remark 5.1.42. We note that the proof used very little information about
modules. In fact, the statement is a special case of a purely categorical fact
(with essentially the same proof) that we will discuss later. □

End of lecture 17,
May 24 We note the last necessary condition covers the counterexamples we had

so far. Thus we may imagine that this is also a sufficient condition. This is
the contents of:
Theorem 5.1.43 (Eilenberg–Watts). A functor F : R−Mod −→ S −Mod
is isomorphic to FN for some S ⊗R◦-module N if and only if it commutes
with all colimits (equivalently, with all quotients and direct sums).

The “only if” part is Prop. 5.1.40, so let F : R −Mod −→ S −Mod be a
functor. To prove the theorem, we first need to answer the question: Who is
N? To answer this, we note that FN (R) = N⊗RR is canonically isomorphic
to N as an S ⊗R◦-module, so it makes sense to set N = F(R).

Thus, N is an S-module, but what is the R◦-structure? If φ is an endo-
morphism of R as an R-module, we get, by functoriality, an endomorphism
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F(φ) of N = F(R), as an S-module. Thus, N is a module over S⊗EndR(R).
But we have seen in Prop. 2.4.2 that EndR(R) = R◦.

So we wish to define an isomorphism of S-modules from N⊗RM to F(M),
and we already have it when M = R. We now note that every module M
over R can be presented as M = ⊕αR/f(⊕βR), i.e., the quotient of a free
R-module by the image of a free module under some map f : First, choose
some generators mα for M and send 1 in the α-th copy of R to mα. This
provides a surjective map to M with a kernel K ⊆ ⊕α R. Now repeat the
same for K in place of M to obtain the map f .

Given such a presentation ⊕βR
f−→ ⊕αR −→ M −→ 0, we may apply a

functor F to obtain a sequence of maps F(⊕βR)
F(f)−−−→ F(⊕αR) −→ F(M) −→

F(0), and if F commutes with colimits, this sequence is still exact, i.e.,
the image of each map is the kernel of the following one, and we get a
“presentation” F(M) = ⊕αF(R)/F(f)(⊕βF(R)). Hence, if we have two such
functors, F1 and F2, a map t : F1(R) −→ F2(R) will induce a map will induce
a map tM : F1(M) −→ F2(M).

The problem with this approach is that the map appears to depend on
the choice of presentation of M and so, while it works for an individual M ,
it is not clear that maps obtained in this way for different objects will amal-
gamate to a natural transformation. We will present two ways to overcome
this difficulty, the first completely general (which we will only sketch), and
the second uses the definition of tensor products.

Proposition 5.1.44. Let F1,F2 : R − Mod −→ C be two functors that
commute with colimits (in particular, the apropriate colimits exist in C).
Then any map t′ : F1(R) −→ F2(R) extends to a unique maps of functors
t : F1 −→ F2 (so that tR = t′)

Sketch of proof. For eachR-moduleM , let IM be the category whose objects
are presentations ⊕βR −→ ⊕αR −→ M −→ 0, and whose morphisms are maps
of diagrams which are the identity on M . Let πM : IM −→ R−Mod be the
functor that sends a presentation as above to the middle term ⊕αR. It is
easy to see that lim−→πM =M , and so we have Fi(M) = lim−→(Fi ◦πM ). Now, a
map tM : F1(M) −→ F2(M) is determined uniquely by the restrictions to the
items πM (X) in the diagram, and each such object is a direct sum of copies
of R, so tM is determined by the restrictions to the direct summands F1(R),
which is determined (and conversely, this restriction determines a map on
F1(M)) □

The second proof constructs a map directly: Let N = F(R). By Exer-
cise 5.1.41, constructing an S-module map t′M : N ⊗R M −→ F(M) amounts
to constructing an R-module map

tM :M −→ HomS(N,F(M)) = HomS(F(R),F(M))

but this we have, since M = HomR(R,M), and F is a functor.
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Exercise 5.1.45. (1) A priori, the map
FR,M : HomR(R,M) −→ HomS(F(R),F(M))

is a map of sets. Check that it is, in fact, a map of R-modules (and
therefore, so is tM ).

(2) Check that the resulting maps tM form a natural transformation
from N ⊗R − to F

We note that so far, we did not use that F preserves colimits, the construc-
tion works in general. The assumption on F is employed via the following
lemma:

Lemma 5.1.46. Let F1,F2 : R −Mod −→ C be two functors that commute
with colimits, and let t : F1 −→ F2 be a natural transformation. If tR :
F1(R) −→ F2(R) is an isomorphism or 0, then so is t.

The proof will use presentations as above, which is now not a problem,
because the map is already defined

Proof. Let M be an arbitrary module, and let ⊕βR
f−→ ⊕αR −→ M −→ 0 be

a presentation. Since t is a natural transformation, we have a commutative
diagram

F1(⊕βR) F1(⊕αR) F1(M) 0

F2(⊕βR) F2(⊕αR) F2(M) 0

F1(f)

t⊕βR t⊕αR tM

F2(f)
(5.3)

Since both Fi commute with colimits, we obtain the following diagram, in
which the rows are again exact (i.e., Fi(M) is the quotient by the image of
Fi(f))

⊕βF1(R) ⊕αF1(R) F1(M) 0

⊕βF2(R) ⊕αF2(R) F2(M) 0

F1(f)

⊕βtR ⊕αtR tM

F2(f)
(5.4)

The fact that the vertical maps are as indicated follows from the exercise
below. Given that, the two left vertical maps are isomorphisms or 0 if tR
has the same property, so the same holds for tM . □

Exercise 5.1.47. Let F1,F2 : C −→ D be two functors, and let t : F1 −→ F2

be a natural transformation. Let I : I −→ C be a diagram in C with colimit
X = lim−→ I, and assume that the natural map lim−→(F1 ◦ I) −→ F1(X) is an
isomorphism (in particular, we assume the colimits exist). Show that tX is
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the colimit map corresponding to the maps F2(ci) ◦ tI(i), for i an object of
I, where ci : I(i) −→ X is the canonical map.

We summarise the proof of the theorem:

Proof of Theorem 5.1.43. Let F : R −Mod −→ S −Mod be a functor, and
let N = F(R), with the bimodule structure defined after the statement. The
discussion prior to Lemma 5.1.46 constructs a natural map from FN to F,
and the lemma itself shows that it is an isomorphism. The other direction
is Prop. 5.1.40. □

Having settled the existence question, we may ask about uniqueness, i.e.,
can there be two bimodules N and N ′ for which FN and FN ′ are isomorphic?
Of course, if FN is isomorphic to some functor F, then N is isomorphic to
N ′ = F(R), and F is isomorphic to FN ′ . This suggests that we really need
to consider the categories of functors and of modules:

Corollary 5.1.48. Let R and S be rings. The association N 7→ FN = N⊗R◦

− determines an equivalence of categories from the category S⊗R◦−Mod
of R−S-bimodules to the category Rex(R,S) of colimit-preserving functors
from R−Mod to S −Mod.

If T is a third ring, composition of functors corresponds to tensor products,
i.e., FM ◦ FN is isomorphic to FM⊗SN , where N is an R− S-bimodule and
M is an S − T -bimodule.

Proof. The inverse is given by evaluation on R, as in the proof of the
Eilenberg–Watts Theorem. Then FN (R) = N ⊗R R = N (canonical iso-
morphism), and the isomorphism cf −→ FF(R) was also given in the proof.
The second part is an exercise. □

Corollary 5.1.49. Let f : R −→ S be a map of rings, and let FS be the
corresponding base-change functor. Then End(FS) is isomorphic to the
subring ZS◦(f(R)) of S◦ consisting of elements commuting with the image ZS◦ (f(R))

f(R) (this is the centraliser of f(R) in S◦). In particular, the endomorphism centraliser

ring of the identity functor on R−Mod is the centre Z(R).

Proof. According to the Corollary above, End(FS) is isomorphic to the en-
domorphisms of S as an R − S-bimodule. We had already seen that its
endomorphisms as an S module is S◦, acting on the right. Since R acts
on the right as well, the additional condition that the R-module is also pre-
served selects the elements of S◦ that commute with R. The last part follows
by taking S = R (and f the identity). □

End of lecture 18,
May 255.2. Morita equivalence. We are now in position to answer a very natural

question: to which extent does the category of modules R−Mod determine
the ring R? In other words, if two rings R and S have the same category
of modules, what can be said of R and S? Of course, “the same” means
equivalent in this case, so we arrive at the following definition:
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Definition 5.2.1. Two rings R and S are Morita equivalent if their cate- Morita equivalent

gories of modules are equivalent.
Let C = R −Mod and D = S −Mod. If F : C −→ D is an equivalence, it

definitely preserves colimits, and so has the form FP for some S⊗R◦-module
N . Since F is an equivalence, there is also a functor G : D −→ C, and suitable
compositions between their compositions and the identity. Translating to
modules, and using Corollary 5.1.48, we obtain
Corollary 5.2.2. R−Mod is equivalent to S−Mod if and only if there are
an S⊗R◦-module P , an R⊗S◦-module Q, and isomorphisms f : Q⊗SP

∼−→ R
of R⊗R◦-modules, and g : P ⊗R Q

∼−→ S of S ⊗ S◦-modules
The typical example is as follows:

Example 5.2.3. Let R be a ring, P 6= 0 a free module of finite rank over
R◦, and S = EndR(P ). Then R and S are Morita equivalent. Indeed, let
Q = HomR(P,R). The action of S on P determines an action of S◦ on Q,
and R acts by acting on the image from the left. We have the evaluation map
f : Q ⊗S P −→ R, and the isomorphism g : P ⊗R Q −→ S from Prop. 3.2.1.
Although f is surjective, at the moment it is not obvious that this is an
isomorphism. □

To show that the map f above is an isomorphism, we note an additional
property: Assume we are given modules P,Q and maps f : Q ⊗S P −→ R
and g : P ⊗R Q −→ S as in Corollary 5.2.2, except that f and g are not
required to be isomorphisms. There are, then, two maps P ⊗RQ⊗S P −→ P
(of S ⊗R◦-modules), namely g⊗ 1 and 1⊗ f . Likewise, there are two maps
Q⊗S P ⊗R Q −→ Q, given by f ⊗ 1 and 1⊗ g.
Exercise 5.2.4. Show that in the situation of Example 5.2.3, the two maps
g⊗ 1 and 1⊗ f are equal, and also the two maps 1⊗ g and f ⊗ 1 are equal.

This suggests the following definition:
Definition 5.2.5. Let R and S be two rings. A Morita context for R,SMorita context

consists of an S ⊗R◦-module P , an R⊗S◦-module Q, and bi-module maps
f : Q ⊗S P −→ R and g : P ⊗R Q −→ S, such that g ⊗ 1 = 1 ⊗ f and
1⊗ g = f ⊗ 1.
Exercise 5.2.6. Let (P,Q, f, g) be data as in a Morita context, not necessarily
satisfying the conditions. Let M = {

( r q
p s

)
| r ∈ R, p ∈ P, q ∈ Q, s ∈ S}.

We may define an operation on M via matrix multiplication, where the
“products” are given by qp = f(q⊗p) and pq = g(p⊗ q) (and by the various
module structures). Show that this operation is associative precisely if these
data form a Morita context (and thus, in this case M is a ring).

To complete our typical example, we show:
Proposition 5.2.7. Let (P,Q, f, g) be a Morita context. If f is surjective,
then it is injective. Hence, if both f and g are surjective, then the Morita
context determines a Morita equivalence between R and S.
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Proof. Since f is surjective, there is x ∈ Q ⊗S P with f(x) = 1. Assume
that f(y) = 0, and consider x⊗ y ∈ Q⊗ P ⊗Q⊗ P . We have

y = 1⊗ y = f(x)⊗ y = (f ⊗ 1⊗ 1)(x⊗ y) = (1⊗ g ⊗ 1)(x⊗ y) =
(1⊗ 1⊗ f)(x⊗ y) = x⊗ f(y) = x⊗ 0 = 0

□

This completes the example, but raises the question: when does an equiv-
alence of categories determine a Morita context? We may formulate the
question on the level of abstract categories, as follows.

Assume that F : C −→ D is an equivalence of categories. This is witnessed
by the existence of a functor G : D −→ C and two isomorphisms, α : G ◦F −→
1C and β : F ◦ G −→ 1D. If γ is an automorphism of 1C , we may replace
α by α′ = γ ◦ α, and obtain new such data. Conversely, every other such
α′ is obtained via some γ ∈ Aut(1C), namely, γ = α′ ◦ α−1. We may
remove the arbitrariness in the choice of α as follows: For any object X of
C, αX : G ◦ F(X) −→ X is a morphism in C, so we may apply F to obtain
an isomorphism F(αX) : F(G(F(X))) −→ F(X). On the other hand, βF(X)

is another such isomorphism, and so we may ask if they are equal. It is
easy to see, at least, that the collection F(αX) forms a natural isomorphism
from F ◦ F ◦ F to F, which we denote by F(α). Likewise, we have a natural
isomorphism G(β) : G ◦F ◦G −→ G, and we may ask if it coincides with αG.

Proposition 5.2.8. Assume that F : C −→ D is an equivalence of categories,
with quasi-inverse G : D −→ C.

(1) For every isomorphism β : F◦G −→ 1D there is a unique isomorphism
α : G ◦ F −→ 1C such that F(α) = βF.

(2) If α and β are as above, then G(β) = αG

Proof. (1) By assumption, there is some isomorphism α′ : G ◦ F −→ 1C .
For every object X of C, βF(X) ◦ F(α′

X
−1) is an automorphism of

F(X), so is equal to F(γX) for a unique automorphism γX of X
(since F is bijective on morphisms). The uniqueness easily implies
that this collection forms a natural automorphism γ of the identity.
Let α = γ ◦ α′. Then we have

F(α) = F(γ) ◦ F(α′) = βF ◦ F(α′−1) ◦ F(α′) = βF

as required.
(2) Since F is injective on morphisms, it suffices to show that F(G(β)) =

F(αG). By assumption, F(αG) = βF◦G, so it remains to show that
F(G(β)) = βF◦G, which follows immediately from the more general
formula F(G(t)) = β−1

Y ◦ t ◦ βX for any morphism t : X −→ Y in
D. □

Exercise 5.2.9. Deduce that any equivalence between categories of modules
determines a Morita context.
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Our goal now is to describe the information required for an equivalence
in a minimal way. The first observation is that all the data is determined
by one module:

Proposition 5.2.10. Assume that (P,Q, f, g) is a Morita context that de-
termines an equivalence R−Mod −→ S −Mod.

(1) For any S-module M , there is an R-module isomorphism αM : Q⊗S

M
∼−→ HomS(P,M), natural5 in M .

(2) There are R-module isomorphisms g∨ : Q
∼−→ HomS(P, S) and h :

R
∼−→ EndS(P ), such that the diagrams

Q⊗S P R

HomS(P, S)⊗S P EndS(P )

f

g∨⊗1 h

t

(5.5)

and
P ⊗R Q

P ⊗R HomS(P, S) S

g1⊗g∨

ev

(5.6)

commute. Here, ev is the evaluation, and t(φ⊗ p)(p′) = φ(p′)p

Proof. (1) To define such a map is equivalent to defining an S-module
map P ⊗R Q ⊗S M −→ M , which we take to be g ⊗ 1. To define a
map in the other direction, we consider the S-module map

P ⊗R HomS(P,M)
ev−→M

g−1⊗1−−−−→ P ⊗R Q⊗S M

ApplyingQ⊗S− and composing with f , we obtain a map HomS(P,M) −→
Q⊗SM . The fact that the two maps are inverse to each other follows
from the context condition.

(2) The isomorphisms are obtained from the previous claim by taking
M = S and M = P , respectively, and using f to identify Q ⊗S P
with R. We may then enhance the first diagram to

Q⊗S P R

HomS(P, S)⊗S P EndS(P )

f

g∨⊗1
αP

h

t

with the top triangle commuting by definition, so we have to show
that αS(q)(p

′)p = αP (q ⊗ p)(p′) and that αS(q)(p) = g(p⊗ q), both
of which follow directly from the construction. □

5This means that the collection α forms a natural isomorphism
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Having seen that the full data of the Morita equivalence is determined by
P as an S-module, we would like to understand what are the properties of
such a P . By the first part of the proposition, the functor M 7→ HomS(P,M)
determines an equivalence of categories, so in particular, it preserves all
possible limits. It is easy to see that such a functor always commutes with
all inverse limits (for any P ), but preservation of colimits is a non-trivial
condition. We had seen in Remark 5.1.39 that this condition is equivalent
to two special cases: preservation of cokernels (quotients), and of coproducts.
The first condition is interesting on its own:

Definition 5.2.11. An S-module P is a projective module if the functor projective module

HomS(P,−) is exact, i.e., for all surjective S-module maps A −→ B, the
induced map HomS(P,A) −→ HomS(P,B) is surjective as well.

We note that since in the category of modules, finite products coincide
with finite coproducts, the above condition is equivalent to preservation of
all finite colimits. In more concrete terms, the condition means that given
any surjective map p : A −→ B, and any t : P −→ B, there is a map t̃ : P −→ A
such that p ◦ t̃ = t.

Exercise 5.2.12. (1) Show that any free module is projective
(2) Show that a module P is projective if and only if there is a free

module F and an isomorphism F
∼−→ P ⊕Q for some module Q

(3) Show that if V is a vector-space over a field k of finite dimension
greater than 1, then V is projective but not free over Endk(V )

End of lecture 19,
Jun 8The other part of the condition on the preservation of limits is about

preservation of (infinite) direct sums. In concrete terms, assume that Aα

is a family of modules. A map P −→ Ai can be composed with the inclu-
sion to induce a map into ⊕αAα. Taking maps, this describes the map
⊕α Hom(P,Aα) −→ Hom(P,⊕αAα). For this to be an isomorphism means
that every map from P to the direct sum is a finite sum of maps to the
components. This need not be the case for a general P : for example, the
identity map from ⊕αAα to itself is not of this form if the sum is infinite.
However, if P is finitely generated, then the map is determined by its image
on the generators, which lies in a finite sum. This proves the first part of:

Proposition 5.2.13. If P is a finitely generated R-module, then for every
family Aα of R-modules, the map ⊕α HomR(P,Aα) −→ HomR(P,⊕αAα) is
an isomorphism. If P is projective, the converse is also true.

Proof. The first part was explained above. Assume that P is projective, and
write P ⊕ Q = F = R⊕α, as in Exercise 5.2.12. By assumption, the map
from P to F factors through a finite sum F0. The projection from F0 to P
gives a finite set of generators. □

We need one last condition: We have been repeatedly using the fact that
every object has a surjective map from some direct sum of copies of the
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ring (for example, in the last proof). In categorical terms, we say that R
generates its category of module, in the following sense.

Definition 5.2.14. A set of generators for a category C is a set S of objectsset of generators

of C such that whenever f, g : X −→ Y are two distinct maps, there is a map
p : P −→ X, with P ∈ S, such that f ◦ p 6= g ◦ p.

Intuitively, maps p : P −→ X can be thought of as “generalised points of X
of type P”. From this point of view, the definition says that every object has
“sufficiently many” P -points (P ∈ S) to distinguish between morphisms.

Example 5.2.15. Any non-empty set is a generator for the category of sets.
□

Example 5.2.16. Any non-zero free module is a generator for the category
of R-modules □
Exercise 5.2.17. A morphism p : P −→ X is an epimorphism if for anyepimorphism

f, g : X −→ Y , if f ◦ p = g ◦ p then f = g.
(1) Assume that C has coproducts. Show that S is a set of generators if

and only if for any object X there is a coproduct P of objects of S,
and an epimorphism p : P −→ X

(2) Show that in the category of R-modules, a map is an epimorphism
if and only if it is surjective.

Example 5.2.18. If S is a set of simple R-modules that has a representative
from each isomorphism class, then S generates the opposite of the category
of JSS R-modules (i.e., it cogenerates the category of JSS R-modules) □
Proposition 5.2.19. Assume P is a projective R-module. Then it generates
R −Mod if and only if for any non-zero R-module M there is a non-zero
map P −→M .

Proof. If P generates R−Mod, there will be a surjective map from a direct
sum of copies of P onto M . One of the components must be non-zero (this
direction does not use projectivity).

In the other direction, to show that P generates it suffices to show that
if f : X −→ Y is non-zero, then f ◦ p 6= 0 for some p : P −→ X (take the
difference f − g in the definition). By assumption, there is a non-zero map
p0 : P −→M = f(X) to the image of f . Since P is projective, it can be lifted
to a (non-zero) map p : P −→ X □

We may summarise what we learned so far as follows:

Corollary 5.2.20. Assume that F : R −Mod −→ S −Mod is an equiv-
alence of categories. Then P = F(R) is a finitely generated projective
generator, R is isomorphic to EndS(P )

◦, and an inverse to F is given by
M 7→ HomS(P,M).

We now claim the converse:
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Theorem 5.2.21. Assume that P is a finitely generated projective generator
of the category S −Mod. Then the functor M 7→ HomS(P,M) determines
an equivalence of categories S −Mod −→ R −Mod, where R = EndS(P )

◦.
An inverse is given by N 7→ P ⊗R N .
Proof. Let Q = HomS(P, S), let g : P ⊗R Q −→ S be the evalution, and let
f : Q⊗S P −→ R be given by f(φ⊗ p)(p′) = φ(p′)p (compare Prop. 5.2.10).
We have seen that (P,Q, f, g) is a Morita context, so by Prop. 5.2.7, to prove
the claim it suffices to prove that f and g are surjective, i.e., that 1 is in the
image.

Since P is a generator, there is a surjective map from a direct sum of
copies of P to S. Since 1 ∈ S is in the image of a finite sub-sum, we may
assume that the sum itself is finite. Hence, we have q1, . . . , qn ∈ Q, and
p1, . . . , pn ∈ P , such that g(

∑
pi ⊗ qi) =

∑
qi(pi) = 1, as required.

For f , write P ⊕ P ′ = F , where F is a finitely-generated free S-module.
Then G = HomS(F, S) = HomS(P, S) ⊕ HomS(P

′, S) = Q ⊕ Q′. We have
the analogous map
f̃ : G⊗ F −→ EndS(F ) = End(P )⊕ End(P ′)⊕Hom(P, P ′)⊕Hom(P ′, P )

and f̃(G⊗F )∩End(P ) is the image of f . But we had seen in Example 5.2.3
that f̃ is surjective, hence so is f . □
Example 5.2.22. Assume A is a finite-dimensional algebra over a field. If
e is a non-trivial idempotent (i.e., e2 = e, e 6= 0, 1), then we may write
A as a direct sum A = Ae ⊕ A(1 − e) of left A-modules. By dimension,
there is a finite maximal set of idempotents ei with eiej = 0 for i 6= j, and
a corresponding decomposition A = ⊕iAei. A is called basic if all these
summands are non-isomorphic.

Let ei1 , . . . , eik be a subset corresponding to representative of isomorphism
classes, and let e = ei1 + · · ·+eik . Let A′ = eAe. Then A′ is a basic algebra.
We claim that A′ is Morita equivalent to A.

Let P = Aei1 ⊕ · · · ⊕ Aeik . We claim that P is a finitely generated
projective generator of A −Mod. The fact that it is finitely generated is
obvious, it is projective since it is a direct summand of the free module A,
and it is a generator since all isomorphism classes of the summands of A are
represented. Finally, a direct computation shows that EndA(P ) = A′. □
Exercise 5.2.23. Compute the above example for the case A = Mn(k), k a
field.

We will see more examples in §6.

5.3. Morita invariant properties. We now go back to our original ques-
tion: What properties of a ring are preserved under Morita equivalence? In
other words, what properties of a ring are actually properties of its category
of modules? We essentially saw the following:
Corollary 5.3.1. If R and S are Morita equivalent, then Z(R)

∼−→ Z(S).
In particular, Morita equivalent commutative rings are isomorphic.
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This corollary explains why the notion of Morita equivalence is not impor-
tant in commutative algebra. On the other hand, a commutative ring can be
Morita equivalent to a non-commutative one (for example, k is equivalent
to Endk(V )), so the property “being commutative” is not Morita invariant.
Proof. We saw in Corollary 5.1.49 that the centre is the ring of endomor-
phisms of the identity functor on the category of modules (which is obviously
preserved under equivalence) □

An easy corollary of the description in terms of contexts is:
Corollary 5.3.2. If R and S are Morita equivalent, then so are R◦ and S◦.
Exercise 5.3.3. Prove it

To go further, it is useful first to note which subcategories of the category
of modules are preserved under equivalence.
Proposition 5.3.4. Let F : R −Mod −→ S −Mod be an equivalence of
categories. Then F restricts to an equivalence of the following full sub-
categories of R-modules with their S-module counterparts

(1) R− Proj, the projective R-modules
(2) R− Vec, the finitely generated projective R-modules
(3) R− Coh, finitely generated modules R-modules
(4) The simple, semisimple and JSS R-modules
(5) Artinian module, Noetherian modules

Proof. (1) The definition of a projective module is categorical
(2) These have a categorical description by Prop. 5.2.13.
(3) We know that the equivalence is given by tensoring with a finitely

generated module, which preserves finite generation
(4) A module M is simple if and only if every morphism from another

module N is either 0 or an epimorphism, so this is a categorical
condition (a morphism is 0 if and only if it factors through the 0
module, which is the initial and final object). Semisimplicity is de-
fined categorically, and M is JSS if and only if it has an injective
map into a direct sum of simple modules.

(5) Directly from the definition □
We immediately obtain:

Corollary 5.3.5. The following properties of a ring are preserved under
Morita equivalence

(1) Semisimple
(2) Artinian, Noetherian, finite length
(3) JSS

Proof. (1) This is equivalent to all modules being semisimple
(2) This is a property shared by all finitely generated modules (Prop. 4.3.4),

so is preserved by the last proposition.
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(3) This is shared by the projective finitely generated modules: Each
such module is a direct summand of a free module, so is JSS by
Prop. 4.1.7 □

End of lecture 20,
Jun 14

6. Division algebras

6.1. Central simple algebras. Our initial goal is to study the class of
finite dimensional division algebras over a fixed field k. We had seen these
algebra in the context of the group algebra (Prop. 2.5.1), but they can also
be viewed as generalizations of finite field extensions, and are important
in the study of the base field k. Taking this point of view, we note that
the centre Z(D) of a division k-algebra is a finite dimensional subfield of
D containing k, i.e., a finite field extension of k. Since such extensions are
studied in Galois theory, it makes sense to consider separately the case where
the extension is trivial.

Definition 6.1.1. A central division algebra over a field k is a division central division alge-
braalgebra of finite dimension over k, whose centre is k.

One case where this studying such extensions is easy is when k is alge-
braically closed: in this case, k is the only such algebra. So one way to try
to understand division algebras over a general field is to base-change to its
algebraic closure, and descend from there. Of course, this base-change will
no longer be a division algebra, so we would like to slightly extend our class
of algebras, so that it is closed under tensor products.

We fix the field k. All our rings in this section will be k-algebras, and
tensor products will be over k, even if this is suppressed from notation. Since
we wish to keep track of the centre, we first compute:

Proposition 6.1.2. For any k-algebras A and B, Z(A⊗B) = Z(A)⊗Z(B).

Proof. We first note that for any algebra C, the centre is the kernel of the
linear map cC : C −→ End(C) sending c to a 7→ ca − ac. In our case, since
Z(B) is the kernel of cB and k is a field, we have that A⊗Z(B) is the kernel
of 1 ⊗ cB : A ⊗ B −→ A ⊗ End(B) = Hom(B,A ⊗ B). On the other, hand,
we have a restriction map r : End(A⊗ B) −→ Hom(B,A⊗ B), and a direct
computation shows that 1⊗cB = r◦cA⊗B. Hence, Z(A⊗B) = ker(cA⊗B) ⊆
A ⊗ Z(B). Applying the same result again (with A playing the role of B),
we get Z(A ⊗ B) = Z(Z(A ⊗ B)) ⊆ Z(A ⊗ Z(B)) ⊆ Z(A) ⊗ Z(B). The
other inclusion is obvious. □

Remark 6.1.3. In the proof we used the following: If U ⊆ V are vector-
spaces over k, and W is an additional vector-space, then the natural map
W ⊗k U −→W ⊗ V is injective. This follows from Exercise 3.1.5. The proof,
more generally, work when k is a ring, provided at least one of the algebras
is flat over k. □
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The proposition implies, in particular, that the property of being central
is preserved when extending the field (i.e., making a base-change by a field
extension). The property of being a division ring is not preserved, but we
will see that the somewhat weaker property of being simple (i.e., having no
two-sided ideals) is preserved. Thus it makes sense to consider:
Definition 6.1.4. A central simple algebra (CSA) over the field k is a finitecentral simple algebra

CSA dimensional simple algebra over k whose centre is k.
Example 6.1.5. Over an algebraically closed field k, every CSA is isomorphic
to Endk(V ) for some finite dimensional vector space V . This follows from
Prop. 2.5.1, along with the fact that a simple ring cannot be a non-trivial
Cartesian product □

The argument in the last example shows, more generally, that each CSA
is isomorphic to Mn(D) for a unique central division algebra D and a unique
n (by dimension).

We had seen that the base change of a central division algebra to a field
extension is a central over that field. We promised that it will be simple, and
one could ask more generally, what happens to a CSA after base change.
The answer, as well as additional properties, follows from the following state-
ment:
Proposition 6.1.6. Let A be a CSA over k. Then for every k-algebra B,
the functor M 7→ A⊗kM is an equivalence of categories from B⊗B◦−Mod
to A⊗B ⊗ (A⊗B)◦ −Mod.

Here, the bi-module structure on A⊗M is the obvious one, with B ⊗B◦

acting on M and A⊗A◦ acting on A.
Corollary 6.1.7. Let A be a CSA over k

(1) For any algebra B over k, the map I 7→ I ∩A determines a bijection
between two sided ideals in A ⊗ B and two sided ideals in B, with
inverse J 7→ A⊗ J .

(2) If l is a field extension of k then A⊗ l is a CSA over l
(3) If B is another CSA over k, then so is A⊗B

Proof. For the last two parts, Proposition 6.1.2 shows that the centre is
correct, and Exercise 3.1.4 shows that the dimension is finite. Simplicity
follows, in each case, from the first part. So it remains to prove the first
part.

We note that a two-sided ideal in a ring C is the same as a left submodule
of C, viewed as a module over C⊗C◦. By Proposition 6.1.6, such submodules
for B are in bijective correspondence with those over A⊗B ⊗A⊗B◦. □

The main step in the proof of Proposition 6.1.6 is the following fact, which
is sometimes taken as the definition of CSAs:
Lemma 6.1.8. Let A be a finite dimensional simple k-algebra. Then A
is a CSA over k if and only if the map t : A ⊗ A◦ −→ Endk(A) given by
a⊗ b 7→ (c 7→ acb) is an isomorphism.
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Proof. If a ∈ Z(A) is not in k, then a ⊗ 1 − 1 ⊗ a is a non-zero element
in the kernel of t. For the converse, by the basic Structure Theorem, A is
isomorphic to Mn(D) for some division ring D. Since Mn(D) is isomorphic
to Mn(k)⊗D, and Endk(Mn(D)) is isomorphic to Endk(Mn(k))⊗Endk(D),
we are reduced to the case A = D is a division algebra (the case A =Mn(k)
is easy).

Assume that x =
∑n

i=1 di ⊗ ei is in the kernel of t, with n minimal.
Multiplying by inverses, we may assume that d1 = e1 = 1. Since the kernel
of t is a two-sided ideal, each commutator [x, d⊗e] is also in the kernel. But
this commutator is the sum of less tensors, so is 0 by minimality. Since the
tensors spanD⊗D◦, this shows that x is in the centre. Prop. 6.1.2 shows that
all di and ei belong to the centre of D. By assumption, x ∈ k = k ⊗ k, and
thus x = 0. This shows that t is injective, and by dimension, bijective. □

Proof of 6.1.6. Set S = B⊗B◦, and let Q = A⊗S. Then for all S-modules
M , A ⊗ M = Q ⊗S M . Setting P = HomS(Q,S) = Homk(A, k) ⊗ S,
we see that P is free of finite rank (equal to the dimension of A over k),
and is thus a projective generator. Theorem 5.2.21 thus applies, so that
M ⊗k − = Q ⊗S − = HomS(P,−) is an equivalence from S −Mod to the
category of R-modules, where R = EndS(P ).

Now,

R = EndS(P ) = EndS(A
∨ ⊗ S) = Endk(A)⊗ S = Endk(A)⊗B ⊗B◦

By Lemma 6.1.8, we have Endk(A) = A⊗A◦, so we are done. □

We now draw some conclusions:

Corollary 6.1.9. The dimension of every CSA as a vector space over k is
a square of an integer

Proof. The dimension is preserved under base-change, so we may assume
the base is algebraically closed. There, every CSA is a matrix algebra. □

Before proceeding, we note that Morita equivalence behaves well with
respect to tensor product:

Proposition 6.1.10. If A is Morita equivalent to A′ and B is Morita
equivalent to B′, then A⊗B is Morita equivalent to A′ ⊗B′

Proof. It suffices to check for A and B separately, so we may assume B = B′.
Assume that F : A−Mod −→ A′−Mod is an equivalence. Any A⊗B-module
is, in particular, an A module, so F(A) is an A′-module. The action of B
on M is given by maps in A −Mod, so induces a commuting B-module
structure on F(A). It is easy to check that this makes F a functor from
A⊗B −Mod to A′ ⊗B −Mod. An inverse of F on A−Mod will also be
an inverse on A′ ⊗B −Mod. □

We now strengthen the tie between CSAs and division algebras.
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Proposition 6.1.11. Let A and B be CSAs over k. The following are
equivalent:

(1) A and B are Morita equivalent
(2) There is a division algebra D such that A ∼−→ Mn(D) and B

∼−→
Mm×m(D) for some n,m

(3) Mm×m(A)
∼−→Mn(B) For some n,m

In particular, any Morita equivalent division algebras over k are isomor-
phic.

Proof.
(1) =⇒ (2): We already mentioned that the statement is true for different

division algebras, so we need to show that Morita equivalent division
algebras D and D′ are isomorphic. Since the category of modules
over a division ring has a unique simple object, an equivalence must
take D to (an object isomorphic to) D′, hence D◦ = EndD(D) =
EndD′(D′) = D′◦.

(2) =⇒ (3): is clear since Mn(Mm×m(D)) =Mnm×nm(D)
(3) =⇒ (1): We saw that Mm×m(A) is Morita equivalent to A □

The proposition implies that studying isomorphism classes of central divi-
sion algebras over k amounts to studying Morita equivalence classes of CSA
over k. If A and B are such CSAs, Cor. 6.1.7 shows that A⊗B is also a CSA,
and Prop. 6.1.10 shows that the Morita class [A⊗B] of A⊗B depends only[A⊗ B]

on the Morita classes of A and B. Thus we have a well defined operation
[A]⊗ [B] := [A⊗B]. This operation is clearly associative and commutative,
and since A⊗ k ∼−→ A, [k] serves as a unit. Finally, Lemma 6.1.8 shows that
[A◦] is the inverse of [A]. Thus, the collection of Morita classes of CSAs over
k forms a group.

Definition 6.1.12. The Brauer group Br(k) of a field k is the group ofBrauer group
Br(k) Morita equivalence classes of central simple algebras over k, with operation

induced by tensor product.

We note again that, as a set, Br(k) is canonically isomorphic to the set of
isomorphism classes of central division algebras over k, but the description
of the operation is more complicated in this case.End of lecture 21,

Jun 15
6.2. Some Brauer groups. In this subsection, we prove a few important
results, which will enable us (among other things) to classify finite division
algebras. But first we consider the case k = R.

The Quaternions algebra is the algebra H over R spanned by 1, i, j, k as aQuaternions algebra

vector space, with product determined by the relations i2 = j2 = k2 = −1,
ij = k = −ji.

Theorem 6.2.1 (Frobenius’s Theorem). The only central division algebras
over R are R and H.
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Proof. Let D be a non-commutative central division algebra over R. If
x ∈ D \R, then R(x) ⊆ D is a commutative field, hence is isomorphic to C.
We may therefore assume that C = R(i), with i2 = −1.

Let φ : D −→ D be given by φ(a) = i−1ai. It is C-linear, with φ2 the
identity. Therefore, it has two eigenspaces, D+ and D−, corresponding to
the eigenvalues 1 and−1, respectively. Since i is not in the centre, D− is non-
zero, and if y ∈ D− is non-zero, then z 7→ y−1z is an R-linear isomorphism
from D− to D+.

We note that D+ contains C. If z ∈ D+ \ C, then C(z) ⊆ D is a com-
mutative field extension of C, a contradiction. Hence, D+ and D− are
1-dimensional over C. If j ∈ D− is non-zero, then R(j) is a proper field
extension of R, hence is isomorphic to C, but distinct from the copy of C we
already have. We may assume that j2 = −1. We define k = ij, and deduce
the identities of H from the fact that j is an eigenvector. □
Exercise 6.2.2. Find an explicit isomorphism C⊗R H −→M2(C)

6.2.3. Automorphisms of CSAs. If u ∈ R is a unit of an algebra R, then r 7→
uru−1 is an automorphism. An inner automorphism is an automorphism of inner automorphism

this form.

Theorem 6.2.4 (Skolem–Noether). Let R ⊂ S be a simple subalgebra of a
CSA S, and let f : R −→ S be a homomorphism. Then there is a unit u ∈ S
such that f(r) = uru−1 for all r ∈ R. In particular, every automorphism of
S is inner.

Proof. Let S′ be S, viewed as an R-module via f . We view both S and S′

as modules over R ⊗ S◦. Clearly, S and S′ are simple, and since R ⊗ S◦ is
simple (hence primitive), S and S′ are isomorphic. Let t : S −→ S′ be an
isomorphism. Then for all r ∈ R and x, s ∈ S, we have t(rxs) = f(r)t(x)s.
For s = 1 we get t(rx) = f(r)t(x) and for s = r, r = 1 we get t(xr) = t(x)r,
so setting u = t(1), we get f(r)u = ur. Setting v = t−1(1), we find 1 =
t(v) = t(1v) = uv and similarly in the other direction, so v = u−1. Hence
f(r) = uru−1. □
Exercise 6.2.5. Show that if a, b ∈ R (a CSA over k) have the same minimal
polynomial over k, then a = ubu−1 for some unit

6.2.6. The centraliser theorem.

Proposition 6.2.7. Let S be a CSA over k, and let R ⊆ S be a simple
subalgebra. Let T = ZS(R) be the centraliser of R in S.

(1) T ◦ is Morita equivalent to R⊗ S◦

(2) T is simple
(3) [S : k] = [R : k][T : k]

Proof. (1) Since S◦ is a CSA and R is simple, R⊗ S◦ is simple. Hence,
every non-zero module over it is a projective generator. Consider
the R⊗ S◦-module S. It is clearly finitely generated, so determines
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a Morita equivalence with EndR⊗S◦(S)◦. We had already computed
(in Cor. 5.1.49) that this endomorphism ring is T .

(2) Simplicity is preserved under Morita equivalence
(3) Let S = EndD(V ). Then T = EndR⊗D◦(V ), since V is a faithful

S-module. Now, R ⊗D is a simple ring, so R ⊗D = EndE(W ) for
a unique simple module W and E = EndR⊗D(W ). In particular,
V =Wm for some m. Hence:

[T : k] = [EndR⊗D(V ) : k] = [EndR⊗D(W
m) : k] =

= [Mm(E) : k] = m2[E : k]

On the other hand,

[R : k][D : k] = [R⊗D : k] = [W : E]2[E : k] =
[W : k]2

[E : k]

and

[S : k] = [D : k][V : D]2 = [D : k](
[V : k]

[D : k]
)2 =

=
[Wm : k]2

[D : k]
=
m2[W : k]2

[D : k]

The result now follows from arithmetic. □
Corollary 6.2.8. If S and R ⊆ S are CSAs, then the map R⊗ZS(R) −→ S
given by r ⊗ t 7→ rt is an isomorphism

Corollary 6.2.9 (The double centraliser theorem). For any simple sub-
algebra R ⊆ S of a CSA S, ZS(ZS(R)) = R

Corollary 6.2.10. Let D be a central division algebra of dimension n2 over
k. Then any maximal subfield of D has dimension n over k

Proof. Let L ⊆ D be a maximal subfield. If a ∈ ZD(L), then L[a] is also
a subfield of D, hence a ∈ L. So L is equal to its centraliser, and by the
dimension statement its dimension is n. □
6.2.11. Finite division rings. It turns out that they are all trivial:

Theorem 6.2.12 (Wedderburn’s little theorem). If k is a finite field, then
Br(k) = 0. In other words, every finite division ring is a field

Proof. Let D be a central division algebra over k, and for every x ∈ D, let
k ⊂ Lx ⊂ D be a maximal subfield containing x. We know that the dimen-
sion of each Lx is the same, hence, since k is finite, they are all isomorphic.
By the Skolem–Noether Theorem, they are all conjugate. In particular,
the multiplicative group D∗ is a union of conjugates of L0

∗. The following
lemma implies that L0 = D. □
Lemma 6.2.13. If G is a finite group and H is a proper subgroup, then G
is not a union of conjugates of H.
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End of lecture 22,
Jun 21 Proof. Consider the action of G on subgroups by conjugation. The sta-

biliser N(H) of H contains H, and the conjugates are given by G/N(H).
Hence the number of elements in the union of all conjugates is at most
m = |G/N(H)||H|, and is strictly smaller if H is a proper subgroup, since
all conjugates have at least 1 in common. On the other hand, the number
of elements in G is |G/H||H| so is at least m. □
6.2.14. Affine geometry. We describe an interesting relation between the
division rings and classical geometry. One way to make Euclid’s axioms
more precise is to work with structure consisting of a set P of “points”, a
set L of “lines”, and a relation I ⊆ P × L called “incidence”. We say that
p ∈ P belongs to l ∈ L (or that l contains p) if I(p, l) holds. We say that
lines l1, l2 ∈ L are parallel if l1 = l2 or no point belongs to both.

An affine plane is a structure of this form that satisfies the following affine plane

axioms:
(1) For any x 6= y ∈ P , there is a unique l ∈ L containing both. We

denote this line by l(x, y).
(2) For any l ∈ L there are x 6= y ∈ P belonging to l
(3) There are three points not on belonging to the same line.
(4) For any p ∈ P and any l ∈ L there is a unique l′ ∈ L containing p

and parallel to l (this is the parallel axiom)
A coordinate system on an affine plane A is a choice of ordered triple
(0, e1, e2) of non-colinear points, as in the third axiom. A coordinatised
affine plane is an affine plane along with a coordinate system.

An example of an affine plane is the usual Euclidean plane P = R2, with
lines given by linear equations. We view it as coordinatised by the triple
((0, 0), (1, 0), (0, 1)). In fact, the same choice produces from each division
ring D a coordinatised affine plane A(D). It is not the case that every affine
plane is of this form, since all such planes satisfy an additional property,
called Desargues’s Theorem. However, we have: Desargues’s Theorem

Fact 6.2.15. The assignment D 7→ A(D) forms an equivalence of categories
between division rings and coordinatised affine planes satisfying Desargues’s
Theorem:

Assume we are given distinct points a, a′, b, b′, c, c′ such that
l(a, a′) 6= l(b, b′), l(c, c′) meet at the same point, and such
that l(a, b), l(a′, b′) are parallel and l(a, c), l(a′, c′) are parallel.
Then l(b, c) and l(b′, c′) are parallel as well.

Hence, the theory of division algebras that we are studying is, in some
sense, the theory of Desarguesian affine planes. For example, it immediately
follows that in a finite such plane the number of points is a square (though
this is easy to prove in an arbitrary affine plane). Given this result, it is
reasonable to ask which affine planes correspond to fields. The answer is
given by another classical result, Pappus’s Theorem: Pappus’s Theorem
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Fact 6.2.16. The assignment F 7→ A(F ) forms an equivalence of categories
between fields and coordinatised affine planes satisfying Pappus’s Theorem:

Assume we are given distinct points a, a′, b, b′, c, c′ such that
a, b, c are on the same line, a′, b′, c′ are on the same line,
l(a, b′) is parallel to l(a′, b) and l(a, c′) is parallel to l(a′, c).
Then l(b, c′) is parallel to l(b′, c).

These two facts show immediately that the Pappus property implies the
Desargues property, which is not immediately obvious even in the usual real
plane, but also, using Theorem 6.2.12, we obtain:

Corollary 6.2.17. Any finite Desarguesian affine plane satisfies that Pap-
pus property.

There is no known direct proof of this (without passing to division rings).
See [Har00] or [Bal+07] for more details on this.

6.3. Descent theory. We now take more seriously the point of view that
a CSA is “an object that becomes trivial after base change”. The first step
is to pass to finite Galois extensions.

6.3.1. Splitting fields. We first note that, while all CSAs become trivial over
an algebraic closure of k, each CSA becomes trivial over a finite extension:
If f : ka⊗A −→Mn(k

a) is an isomorphism, corresponding to a map f0 : A −→
Mn(k

a), the f0 will determine an isomorphism over any field that contains
the image of a basis of A over k.

A field L such that L ⊗ A is trivial is called a splitting field for A. Wesplitting field

denote by Br(L/k) the subgroup of Br(k) consisting of elements representedBr(L/k)

by algebras that split over L.
Since each CSA is an endomorphism algebra over a central division alge-

bra, splitting CSAs is equivalent to splitting division algebras. By taking
the normal closure of a finite splitting field, we see that each CSA has a
finite normal splitting field. More interestingly, we may take the splitting
field to be separable (hence Galois). To prove that, we first note:

Proposition 6.3.2. If k ⊂ L ⊂ A is a maximal subfield of a central simple
algebra A, then L splits A

Proof. We have an algebra homomorphism f : L ⊗ A◦ −→ EndL(A) given
by f(x ⊗ a)(b) = xba. Since A is simple, so is L ⊗ A◦, so f is injective.
By Corollary 6.2.10, the dimension of both sides is the same, so f is an
isomorphism. □

As mentioned above, splittings CSAs amounts to splitting division alge-
bras. For them, we have:

Proposition 6.3.3. Let D be a central division algebra over k.
(1) (The Jacobson–Noether Theorem) If D 6= k, then D contains

an element separable over k (but not in k)
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(2) (Koethe’s Theorem) Any separable extension k ⊆ L ⊂ D is con-
tained in a maximal extension which is separable.

Proof. (1) Assume not. Then there is some a ∈ D \ k with ap ∈ k
(where p is the characteristic of k). Let d : D −→ D be the k-
linear map d(x) = xa − ax, and let C = ZD(()a). We note that d
is a derivation over C: d(xy) = d(x)y + xd(y) for all x, y ∈ D, and
d(x) = 0 for x ∈ C (so that d is C-linear). One sees by induction that
dn(x) =

∑n
i=0(−1)i

(
n
i

)
aixan−i. In particular, dp(x) = xap−apx = 0

(since ap ∈ k).
Since d 6= 0, there is some w ∈ D\C. By applying d enough times,

we may assume d2(w) = 0, and by dividing by d(w) ∈ C, we may
assume d(w) = 1. Hence wa − aw = 1, or c := wa = 1 + aw = 1 +
a(wa)a−1 = 1 + aca−1. Consider the subfield k(c). By assumption,
this is a purely inseparable extension, so cpe ∈ k for some e. Applying
this to the equation, we get cpe = 1 + acp

e
a−1 = 1 + cp

e since k is
the centre. This is a contradiction.

(2) Let D0 = ZD(L). By Corollary 6.2.9, Z(D0) = L. Now apply the
previous part to D0. □

Corollary 6.3.4. Every CSA has a finite Galois splitting field. Hence,
Br(k) = ∪L Br(L/k), where the union ranges over finite Galois extensions.

The corollary allows us to concentrate on Br(L/k), and therefore to use
Galois theory. From now till the end of the section, we fix a finite
Galois extension L of k, and denote by Γ = Aut(L/k) the Galois
group.

6.3.5. Forms and torsors. We are interested in the following situation: We
have a category of objects defined over a field k, which we can “base change”
to a field extension L. We would like to classify such objects Y over k that
becomes isomorphic to a particular object X after base change to L. Such
a Y is called a form of X. Let P be the set of isomorphisms from the base form

change YL to the base change XL. This set is non-empty precisely if YL is, in
fact, isomorphic to XL. We assume the base change to be functorial in L, so
that automorphism group Γ of L over k acts on XL and on YL. This action
is not by L-automorphisms, since it is not L-linear, but each isomorphism
f : YL −→ XL is L-linear, so if γ ∈ Γ, the composed map γX ◦ f ◦ γY −1 is
again in P .

We have been vague about our notion of “base change”, as well as about
linearity, etc. It is possible to make such an abstract theory precise, but we
will limit ourselves to two instances of it below. At any rate, we obtain a
set P along with an action of the group Γ on it. Taking Y = X, the set
of automorphisms of XL is a group under composition, and Γ acts on it by
group automorphisms. Furthermore, G acts on P via composition, and this
action again commutes with the action of Γ on G and on P . We arrive at
the following definition:
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Definition 6.3.6. Let Γ be a group, and let G be a group on which Γ acts
by automorphisms. A torsor over G is a non-empty set P with an action oftorsor

Γ on P along with an action m : G× P −→ P commuting with Γ, such that
the combined map (m,π) : G× P −→ P × P (with π the second projection)
an isomorphism.

As usual, abbreviate the action m(g, p) as gp. The condition thus says
that (g, p) 7→ (gp, p) is a bijection. In other words, for any two element
p, q ∈ P , there is a unique element g ∈ G with gp = q. In this definition
there are no fields, and the fact that Γ is a Galois group is irrelevant. In
fact, the same definition can be made in any category with finite products.
But we will apply it in the case that Γ is a Galois group, as outlined above.

A map of torsors t : P −→ Q is a map of sets that commutes with the
actions of G and Γ. Such a map is necessarily an isomorphism. The trivial
torsor is P = G, with the action given by the group operation. A torsor istrivial torsor

isomorphic to the trivial torsor if and only if it has a point fixed by Γ: 1 ∈ G
is such a point, and if p ∈ P is fixed, there is a unique isomorphism t : G −→ P
determined by t(1) = p. Thus, if Γ is trivial, all torsors are isomorphic, but
in general, they need not be. We denote the set of isomorphism classes of
G-torsors by H1(Γ, G). It is a pointed set, i.e., it has a special element ∗,H1(Γ, G)

the class of the trivial torsor.
As outlined above, a form of X gives rise to a torsor P over the group

G of automorphisms of XL, with the action of the Galois group Γ, the set
of isomorphisms from YL to XL. This torsor is trivial precisely if Y was
already isomorphic to X over k. Conversely, under some assumptions on
the category, a torsor over G gives rise to a form of X. For example, if all
colimits exist, we may construct such a form as lim−→a∈P Xa, where Xa is a
copy of XL, and for a, b ∈ P , the map from Xa to Xb is given by the action
of g on XL, where ga = b. We will see a concrete version of this below.End of lecture 23,

Jun 22
6.3.7. Forms of a vector space. One of the main examples of the general
theory outlined above is for finite dimensional vector spaces. Let V be a
finite dimensional vector space over a field k. Then Γ acts on the base change
VL = L⊗ V by acting on L, but this is not an L-linear action. Instead, we
have a semi-linear action, with γ(av) = γ(a)γ(v) for all γ ∈ Γ, a ∈ L andsemi-linear action

v ∈ VL. If we are given VL with this action, we may recover the space V we
started with by taking the invariants, which we denote by H0(Γ, VL).H0(Γ, VL)

We are interested in the converse: Given a space W over L, and a semi-
linear action of Γ on W , is it the case that it comes from a vector space
over k? In considering linear actions of a group (i.e., representations), it
was fruitful to consider the group algebra. Similarly, here we consider the
twisted group algebra LΓ, which is the L-vector space spanned by Γ over L,twisted group algebra

LΓ with product determined by γ ·a = γ(a)γ. It is easy to see that a semi-linear
action of Γ on W is the same as an LΓ-module structure, over L.

Proposition 6.3.8. The ring LΓ is simple
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Proof. Assume that t : LΓ −→ R is a ring homomorphism. Since both the
elements of Γ and the non-zero elements of L are invertible, none of the
maps to 0, and we may view L as a subfield of R.

Let
∑
aγγ be an element in the kernel, with minimum number of sum-

mands. By the remark above, this number is at least 2. By multiplying with
some γ on the right and 1

aγ
on the left, we may assume ae = 1. Multiplying

by some b ∈ L∗ on the right, we obtain that
∑
aγγ(b)γ goes to 0 as well.

By minimality, it follows that γ(b) is independent of γ, hence γ(b) = b for
all γ that appear in this sum (since e appears in it). Hence, the subgroup
generated by these γ fixes all elements of L. This contradicts the fact that
L is Galois. □
Corollary 6.3.9. Let L be a finite Galois extension of k with Galois group
Γ. The base change functor V 7→ L⊗V is an equivalence of categories from
Veck to the category Γ − VecL of finite dimensional L-vector spaces with
semi-linear Γ action. An inverse is given by W 7→ H0(Γ,W )

Proof. View C = Γ−VecL as the category of finitely-generated LΓ-modules.
Since LΓ is simple (and Artinian), any non-zero module is a projective
generator. Taking L to be such, Morita theory shows that the functor
W 7→ HomLΓ

(L,W ) is an equivalence with the category of finitely-generated
modules over R = EndLΓ

(L)◦. An element f of HomLΓ
(L,W ) is determined

by f(1) ∈ W , and since 1 is fixed by Γ, w ∈ W determines such a map if
and only if it is fixed by Γ. Thus, the functor is given by W 7→ H0(Γ,W ),
and in particular, R = H0(Γ, L) = k. □
Corollary 6.3.10 (Hilbert’s Theorem 90). For any n, H1(Γ,GLn(L)) = 0

Proof. Let P be a torsor over G = GLn(L), with a compatible action of Γ.
Let W = {f : P −→ Ln | f(gp) = gf(p)}. Then W is an L-vector space, and
if p ∈ P is any point, f 7→ f(p) is an isomorphism of W with Ln, so it has
dimension n. The rule γ(f)(p) = γ(f(γ−1(p))) defines a semi-linear Γ action
on W , so by the above, there are n k-independent elements of W commuting
with the action of Γ, f1, . . . , fn. Then f = (f1, . . . , fn) is a Γ-isomorphism
from P to the trivial torsor G. □ End of lecture 24,

Jun 28Remark 6.3.11. One unfortunate aspect of the theory just described is that
it works only for Galois extensions. For example, if L is a purely inseparable
extension, then Γ is trivial, and so we cannot hope to recover a vector space
over k from a vector space over L via a Γ-action.

To overcome this deficiency, consider again the case where L is Galois
over k. A k-linear action of Γ on an L-vector space W can be described via
a k-linear map W −→ WΓ (WΓ is the space of maps of sets), sending w to
γ 7→ γ(w). We have L-linear isomorphismsWΓ −→W⊗LL

Γ −→W⊗LL⊗L −→
W ⊗L, where the middle one is by Prop. 3.6.6. The action being semi-linear
corresponds to the composed map W −→W ⊗L being linear with respect to
the L-structure on the second component L of W ⊗L. In other words, it is a
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map d : L⊗W −→W ⊗L over L⊗L. The fact that the map is coming from
a group action is equivalent to the conditions that d is an isomorphism, that
it commutes with the vector space multiplication L ⊗W −→ W on W , and
that (d⊗ 1) ◦ (1⊗ d) : L⊗ L⊗W −→ W ⊗ L⊗ L is the map given by d on
the first and third component (and the identity on the middle one).

A descent datum on W is a map d as above. The previous paragraphdescent datum

explains that when L is Galois over k, giving a such a datum is equivalent to
giving a semilinear action of Γ on W . Hilbert 90 then says that the category
of L spaces with descent data (and obvious morphisms) is equivalent to the
category of k-vector spaces. However, to formulate the definition of descent
datum, and to state the claim, the assumption that L is Galois is no longer
needed. Indeed, the statement turns out to be true, and is part of much more
general theory known as faithfully flat descent (which is, itself, a special casefaithfully flat descent

of Beck’s theorem, a purely categorical statement). □
6.3.12. Descent for CSAs. Suppose that A =Mn(k) is a matrix algebra over
k. Then B = L⊗ A = Mn(L) is again endowed with an action of Γ, which
is a semi-linear action by ring automorphisms, and H0(Γ, B) = A. Assume,
as before, that we are given a matrix algebra B over L with a semilinear
Γ-action. Is H0(Γ, B) necessarily a matrix algebra over k? The fact that we
have a non-trivial theory of CSAs means that the answer is no. For example,
the base change of the Quaternions H to C is a matrix algebra.

However, we have:
Proposition 6.3.13. Let L be a finite Galois extension of k with Galois
group Γ. The base change functor A 7→ L⊗A is an equivalence of categories
from CSAs over k to CSAs over L along with a semilinear Galois action,
with inverse B 7→ H0(Γ, B).
Proof. We know by Hilbert 90 that the map L⊗H0(Γ, B) −→ B is an isomor-
phism of vector spaces. Since L is the centre of B, it commutes with the im-
age of H0(Γ, B), hence it is also an isomorphism of algebras. If I ⊂ H0(Γ, B)
is a two-sided ideal, then (again, since L is central) L ⊗ I is an ideal in B,
hence is 0. Since k is a field, this implies that I = 0. Finally, we have
L = Z(B) = Z(L ⊗ H0(Γ, B)) = L ⊗ Z(H0(Γ, B)) by Prop. 6.1.2. Hence
Z(H0(Γ, B)) = k. □

To reformulate the result in terms of H1, we need to identify the auto-
morphisms of the trivial algebra A = Mn(L). By the Skolem–Noether the-
orem (6.2.4), every automorphism is given by conjugation by an invertible
matrix. Thus, we have a surjective map from GLn(L) to the group of auto-
morphisms of A. The kernel is, by definition, the centre of GLn(L), which is
the group of scalar matrices. Thus, the automorphism group is the projective
general linear group PGLn(L) = GLn(L)/Gm(L) (where Gm(L) = GL1(L)projective general lin-

ear group is the multiplicative group of L). Hence:
Corollary 6.3.14. The set H1(Γ,PGLn(L)) is canonically identified with
the set of isomorphism classes of n2-dimensional CSAs over k
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Example 6.3.15. Let k = R, L = C and A = H. Then A defines the element
of H1(Γ,PGL2(C)) in which complex conjugation c ∈ Γ acts as c(

(
x y
z w

)
) =(−w y

z −x

)
(this follows from Exercise 6.2.2). The theorem of Frobenius im-

plies that this is the only non-trivial element of H1(Γ,PGL2(C)). □
6.3.16. Exact sequences. The set H1(Γ, G) has a special point ∗, correspond-
ing to the trivial torsor G. In other words, it is a pointed set. We say that
a sequence of maps . . . ti−→ Ai

ti+1−−→ Ai+1 −→ . . . of pointed sets is exact if for exact

all i, the image of ti is the fibre (inverse image) of ∗ under ti+1.
The assignment G 7→ H1(Γ, G) is a functor into the category of pointed

sets, as follows: If f : G −→ H is a group homomorphism (commuting with
the action of Γ), we map the G torsor P to the H torsor H⊗GP = H×P/ ∼,
with (h, gp) ∼ (hf(g), p) for all h ∈ H, g ∈ G and p ∈ P , and with Γ acting
on both components.
Proposition 6.3.17. Let H be a quotient group of G, with kernel K (all
compatible with the action of Γ). Then the resulting sequence H1(Γ.K) −→
H1(Γ, G) −→ H1(Γ,H) is exact.
Proof. Let P be a K-torsor. Then H ⊗G (G ⊗K P ) = H ⊗K P . The
equivalence relation on the last torsor identifies (h, p) with (h, q) for all
p, q ∈ P (since K goes to e ∈ H), so in other words, with H.

Assume that P is a G-torsor. Then H⊗GP is the set P/K of K-orbits on
P . If this is trivial, it means that there is such an orbit P0 that is fixed by Γ.
It is easy to see that the action map G⊗K P0 −→ P is an isomorphism. □

We would like extend the above sequence on both sides. First, for any
Γ-group G, recall that H0(Γ, G) is the set of fixed points for the action of
Γ. This is actually a group, but for now we will ignore the group structure,
and view it as a pointed set, with the identity as the special point.
Proposition 6.3.18. If π : G −→ H is surjective with kernel K, there is a
long exact sequence

0 −→ H0(Γ,K) −→H0(Γ, G) −→ H0(Γ,H)
d−→

H1(Γ,K) −→ H1(Γ, G) −→ H1(Γ,H)

Proof. The map d is defined as follows: if h ∈ H is fixed by Γ, then the fibre
π−1(h) is a coset of K in G, fixed (as a set) by Γ. Hence, it is a K-torsor,
and we define d(h) to be its class. This torsor is trivial precisely if this fibre
has a Γ-fixed point, i.e., if h is in the image of H0(Γ, G).

For h as above, the G-torsor G⊗ Kπ
−1(h) is trivial, as witnessed by the

class of (g−1, g), for any g ∈ π−1(h). Conversely, if P is a K-torsor with
G⊗K P trivial, witnessed by Γ fixing the class of (g, p), then P is isomorphic
to the K-coset of g−1 inside G. The verification and other claims are left as
an exercise. □
Example 6.3.19. Consider the case G = GLn(L), H = PGLn(L) and K =
Gm(L). Hilbert 90 asserts that the codomain of d is trivial in this case,
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so every element in PGLn(L) fixed by Γ is represented by some element in
GLn(k). For example, if k = R and L = C, the class of the matrix

(
i 0
0 −i

)
is fixed by complex conjugation, so is represented by a matrix with real
entries. □

The notation suggests that the sequence above can be continued with
entries involving H2. This will be true once we define these terms, but the
kind of geometric definition we used to define H1 (via torsors) becomes more
complicated in this case, and we will not give it. Instead, we concentrate
on the case where the groups are abelian. In this case, we will give a more
computational definition, which works for H i in general.

6.3.20. Cocycles and coboundaries. Let P be a torsor over G, and let p ∈ P
be an arbitrary point. For every γ ∈ Γ, there is a unique gγ ∈ G with
γ(p) = gγp (since P is a torsor). We have g1 = e, and if τ ∈ Γ as well, we
have

gτγp = τ(γ(p)) = τ(gγp) = τ(gγ)τ(p) = τ(gγ)gτp

Again, since P is a torsor, we may “cancel” p, so gτγ = τ(gγ)gτ . By setting
f(γ) = gγ

−1, we thus obtain a function f : Γ −→ G satisfying
f(τγ) = f(τ)τ(f(σ)) (6.1)

The function f depends on the choice of p: if p′ ∈ P is another point, there
is a (unique) element h ∈ G such that p′ = hp. If f ′ corresponds to p′ we
have:
hp = p′ = f ′(γ)γ(p′) = f ′(γ)γ(hp) = f ′(γ)γ(h)γ(p) = f ′(γ)γ(h)f(γ)−1p

Once again, we are allowed to cancel p and obtain
f ′(γ) = hf(γ)γ(h)−1 (6.2)

Thus, if we let Z1(Γ, G) be the set of functions f : Γ −→ G satisfying (6.1),Z1(Γ, G)

and declare f ∼ f ′ if there is some h ∈ G such that (6.2) is satisfied for all γ,
we find that each torsor P determines an element fP of Z1(Γ, G)/ ∼. It is
easy to see that isomorphic torsors determine the same class, so we proved
one direction of:

Proposition 6.3.21. The assignment f 7→ fP determines a bijection of
pointed sets H1(Γ, G) −→ Z1(Γ, G)/ ∼

Proof. We construct a map back. Let f ∈ Z1(Γ, G). We let P = G as a
set with a G-action, and we define the action of Γ by the same formula:
γP (g) = γG(g)f(γ)

−1. The verification that this is well defined and forms a
two-sided inverse is left as an exercise. □

The trivial torsor can be represented by the constant function with value
e ∈ G. The equivalence class of this function consists of the functions of the
form fh : γ 7→ γ(h)h−1 for some fixed h. The subset of all such functions is
denoted by B1(Γ, G).B1(Γ, G)
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Assume now that G is abelian. In this case, the condition (6.1) is pre-
served under pointwise multiplication and inverse, so Z1(Γ, G) is a subgroup
of the group of all functions from Γ to G. Furthermore, f ∼ f ′ if and only
if the differ by a function in B1(Γ, G), which forms a subgroup of Z1(Γ, G).
We thus obtain:

Corollary 6.3.22. If G is an abelian group with a Γ-action, then H1(Γ, G) =
Z1(Γ, G)/B1(Γ, G)

We note that so far, we had no group structure on H1, this is a special
feature of the case where G is abelian. In this case, it not hard to describe
the group structure in terms of torsors as well:

Exercise 6.3.23. Assume that G is abelian. For G torsors P and Q, define
P ⊗G Q to be the quotient P ×Q/ ∼, where (gp, q) ∼ (p, gq) for all g ∈ G,
with G acting on either component, and Γ acting on both. Define P−1 to be
the torsor with the same Γ action, but with g ∈ G acting as g−1. Show that
this determines a well defined group structure on H1(Γ, G), which makes
the map above a group isomorphism.

We now note the following: The subgroup B1(Γ, G) is the image of the
map h 7→ fh. Its kernel is the set Z0(Γ, G) = H0(Γ, G), the elements
of G fixed by Γ. On the other hand, Z1(Γ, G) is the kernel of the map
d1 : GΓ −→ GΓ×Γ given by d1(f)(τ, γ) = τ(f(γ))f(τγ)−1f(τ). The general
definition generalises this observation as follows:

Definition 6.3.24. Let Γ be a group acting on an abelian group G, and let
n ≥ 0

(1) The group of n-cochains, Cn(Γ, G), is the set GΓn , with pointwise n-cochains
Cn(Γ, G)multiplication. We let C−1 = 0, the trivial group.

(2) The coboundary homomorphism dn : Cn−1 −→ Cn is given by coboundary homomor-
phism

dn(f)(γ1, . . . , γn) = γ1(f(γ2, . . . , γn))

n∏
i=1

f(δi(γ̄))
(−1)i

where δi(γ̄) = (γ1, . . . , γiγi+1, . . . , γn) for i < n, and δn is the pro-
jection to the first n− 1 arguments.

(3) The n-cocycles Zn(Γ, G) are the kernel of dn+1, and the n-coboundaries n-cocycles
Zn(Γ, G)

n-coboundaries
Bn(Γ, G) are the image of dn. The n-th cohomoology group Hn(Γ, G)

Bn(Γ, G)

cohomoology group
Hn(Γ, G)

is the quotient group Zn(Γ, G)/Bn(Γ, G)

Remark 6.3.25. (1) It is easy to check that dn is indeed a homomor-
phism, and that dn+1 ◦ dn = 0, so the definition makes sense.

(2) We saw above that the terminology is consistent with our previous
definition in the case n = 0, 1.

□ End of lecture 25,
Jun 29This definition can be viewed as a special case of the derived functor

formalism (for the functor of invariants), which provides an indefinitely long derived functor for-
malism
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exact sequence in the style of Prop. 6.3.18 for any short exact sequence of
abelian groups. We will not go into that, but instead prolong the sequence
by one more step, in the case the kernel is central:

Proposition 6.3.26. Assume that π : G −→ H is a surjective homomorphism
of Γ-groups, whose kernel K is in the centre of G. Then there is a map
c : H1(Γ,H) −→ H2(Γ,K) making the sequence

H1(Γ, G) −→ H1(Γ,H)
c−→ H2(Γ,K)

of pointed sets exact.

Proof. Let P be an H-torsor. Then G acts on P transitively, with stablilisers
K. If p ∈ P and γ ∈ Γ, there is an element gγ ∈ G (not unique), such
that γ(p) = gγp. If τ ∈ Γ is another element, it need not be the case
that gτγ = τ(gγ)gτ , but this is true after applying π (since we obtain a
cocycle corresponding to P ). Hence, the function f : Γ × Γ −→ G given
by f(τ, γ) = gτγτ(gγ)

−1gτ
−1 takes values in K, so determines an element

of C2(Γ,K). If f ′ is obtained by choosing different representatives g′γ , the
ratio f−1f ′ is a coboundary. The verification that the map is well defined,
and takes values in the cocycles is left as an exercise. If P comes from a
torsor Q over G, we may choose f above to be an actual cocycle for Q, which
will therfore go to 0 in H2(Γ,K), and conversely, if c(f) = 0, then f is a
cocycle. □

For each n > 0, let H2
n(Γ,Gm(L)) be the image of the map

cn : H1(Γ,PGLn(L)) −→ H2(Γ,Gm(L))

provided by the proposition for the case H = PGLn(L), G = GLn(L) and
K = Gm(L), and let H̄2(Γ,Gm(L)) =

∪
nH

2
n(Γ,Gm(L)). Then we have:

Corollary 6.3.27. H̄2(Γ,Gm(L)) is a subgroup of H2(Γ,Gm(L)), isomor-
phic to Br(L/k)

Proof. Let A and B be two CSAs over k, of dimensions n2 and m2. If fA
and fB are cocycles representing the classes of A and B in H1(Γ,PGLn) and
H1(Γ,PGLm), respectively, then a direct computation shows that fA ⊗ fB
represents A⊗B, where (fA⊗fB)(γ) = fA(γ)⊗fB(γ) ∈ Aut(A⊗B). Using
the explicit description of cn from the proposition, we get that cnm(fA ⊗
fB) = cn(fA)cm(fB). Hence, on the level of isomorphism classes, we obtain
a map t([A]) = cn(fA), with t([A⊗B]) = t([A])t([B]). This map is injective
Prop. 6.3.26, since H1(Γ,GLn) = ∗ by Hilbert 90.

Now, if A and B are Morita equivalent (i.e., give the same element in
Br(L/k)), then for some matrix algebras A′ and B′, A⊗A′ and B ⊗B′ are
isomorphic (by Prop. 6.1.11). Hence t(A) = t(A⊗ A′) = t(B ⊗ B′) = t(B).
It follows that t induces an injective group homomorphism t : Br(L/k) −→
H2(Γ,Gm(L)). By definition, the image is H̄2(Γ,Gm(L)). □

We may apply this result as follows:
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Proposition 6.3.28. The image of the map
cn : H1(Γ,PGLn(L)) −→ H2(Γ,Gm(L))

is killed by n. In particular, the Brauer group Br(L/k) is torsion.

Sketch of proof. We assume for the proof that n is prime to the character-
istic. Let det : GLn −→ GLn be the determinant map. Its kernel is (by
definition) SLn, and its restriction to the centre Gm is raising to power n.
By extending L to be closed under n-th roots (since n is prime to p, this is
a separable extension), make the columns in the following diagram exact:

1 1

1 µn SLn PGLn 1

1 Gm GLn PGLn 1

Gm Gm

1 1

=

x 7→xn det
=

Here, µn is the group of n-th roots of 1. It follows that the quotient SLn /µn
is indeed PGLn. Comparing the long exact sequences for the rows, we have
a commutative diagram

H1(Γ,PGLn) H2(Γ, µn)

H1(Γ,PGLn) H2(Γ,Gm)

=

cn

So cn factors through H2(Γ, µn). A direct calculation shows that this group
is n-torsion. □
Remark 6.3.29. The proof above works for general n if we use faithfully flat
descent in place of Galois theory, and a suitable notion of µn.In fact, it is
known (and not hard to prove) that Br(L/k) = H2(Γ,Gm). See [Mil80,
§IV.2] for details (and a much more general theory). □
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